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PREFACE

The 46th Winter School of Theoretical Physics on “Quantum Dynamics
and Information: Theory and Ezperiment”, organized by the University of
Wroctaw and the University of Opole, was held at the heart of Karkonosze
Mountains in the Geovita Center in Ladek Zdréj, Poland during the period
8-13 February, 2010. The present volume contains texts of most of invited
lectures delivered during the conference and a selected sample of poster
presentations.

The central theme of the School was quantum dynamics, regarded
mostly as the dynamics of entanglement and that of decoherence. Both these
concepts appear to refer to the dynamical behavior of surprisingly fragile
features of quantum systems, finite-dimensional, few and many-body struc-
tures, that are supposed to model quantum memories and stand for an
arena for quantum data processing routines.

Quantum information theory is a new, dynamically evolving discipline
and has many faces. Any experimental realization of a quantum informa-
tion processing system is widely recognized as a difficult task because of
decoherence effects, particularly dephasing, which entail loss of quantum in-
formation through randomization of the relative phase of quantum states.
One of the important topics in this connection is the concept of quantum
entanglement, that might possibly become the basis of a quantum computer
theory and ultimate quantum computer exploitation principles.

Entanglement of quantum states is the most nonclassical manifestation
of the quantum formalism. It shows up when the system consists of two (or
more) subsystems and the global (pure) state cannot be written as a prod-
uct of the states of individual subsystems. Then, the best knowledge of the
whole of a composite system may not include nor reflect a complete knowl-
edge of its subsystems. This notion can be generalized to mixed states, and
a mixed state of a quantum system is entangled if the corresponding density
matrix cannot be expressed as a convex combination of tensor products of
density matrices of its subsystems.
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A fundamental nonclassical aspect of entanglement was recognized al-
ready in 1935 by Schrodinger who was led to say that it is “not one but
rather the characteristic trait of quantum mechanics”. In the present-day
the theory of entanglement is well established and known to play a cen-
tral role in the quantum information science, e.g. quantum communication,
quantum cryptography and quantum computing.

The entanglement property is not often considered to be a physically
(experimentally) accessible property of a quantum system. However, it may
stand for a resource that can help in tasks such as the reduction of clas-
sical communication complexity, frequency standards improvements and
clock synchronization. From the theoretical point of view, the entangle-
ment concept has a very complex structure and the theory of entangle-
ment tries to give answers to a number of questions of primary importance:
how to optimally detect the entanglement, how to protect enanglement
against degradation (fragility issue), and how to characterize it, control
and quantify.

In the context of quantum dynamics, the most important aspect of
entanglement is that it is fragile with respect to any noise resulting from
an interaction with the environment. This may lead to the dissipation and
destruction of correlations and due to that, entanglement may disappear
even though it was initially present in the quantum system state. To control
a corresponding process of disentanglement, it is important to understand
details of the complex nature of the evolution of entanglement in open
quantum systems.

In most models of quantum open systems, quantum coherence may
be destroyed asymptotically in time, but in some cases entanglement still
may abruptly and completely disappear (die out) in finite time. This phe-
nomenon, named entanglement sudden death (ESD), has been explored in
a variety of contexts: theoretically and experimentally in continuous and
discrete systems, few body and many-body systems. Physical systems that
have been examined include electrons on the solid state lattice subject to
an electromagnetic field, photons in a system of mirrors and beam splitters,
atoms confined in cavities. The omnipresent noise can be both classical and
quantum in origin.

The entanglement of qubits, which is at the heart of promising speed-up
offered by quantum computations, usually enhances the effects of decoher-
ence, and thus causes a faster decay of computational fidelity. Therefore,
the study of decoherence as a phenomenon which leads to a corruption of
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the information stored in the system as well as errors in computational
steps is strongly intertwined with the field of quantum information.

The first challenge one has to deal with is the role of quantum correla-
tions and entanglement in the process of decoherence and the description
of the robustness of some entangled states under typical environmentally
induced decoherence phenomena. The other key problems include engineer-
ing ways to modify and eliminate decoherence in applications of quantum
information processing by exploiting the so-called decoherence free sub-
spaces, entanglement distillation or dynamical decoupling procedures. On
the other hand, contribution to experiments on decoherence to further un-
derstand the quantum to classical transition to read out results of quantum
computations should take place.

Finally, it should be pointed out that the existing protocols for dynami-
cal dephasing control during all stages of quantum information processing,
namely the storage and gate operations, cannot be readily implemented in
available experimental set-ups, such as ion traps, quantum dots or optical
lattices, and so they require further investigations on both the experimental
and theoretical level.

Spontaneous emission in the two-atomic system is an example of the
noise which diminishes entanglement and may lead to the entanglement
sudden death. On the other hand, the process of photon exchange can in-
duce correlations between atoms which can partially overcome decoherence.
As a result, some amount of entanglement present in the system can sur-
vive. Moreover, there is a possibility that this process can entangle separable
states of two atoms.

Such dynamical creation of entanglement in the presence of a noisy
environment, have attracted a great deal of attention. In particular, the
production of robust asymptotic entanglement for closely separated atoms
as well as the existence of transient entanglement in the case of arbitrary
separations have been established. In that case, the dynamics of entangle-
ment is so complex that the phenomena of revivals of entanglement that has
already been destroyed or even delayed sudden birth of entanglement can
occur. For general Markovian completely positive dynamics of two atoms
immersed in a common bath, dynamical creation of entanglement has been
established.

All that is merely a small part of the whole entanglement, decoherence
and information intertwine. There exist excellent reviews on some of those
topics: quantum entanglement as an information resource, entanglement in
many-body systems, information measures and thermodynamically justified
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processing of information. Grand reviews were published as well on vari-
ous aspects of decoherence and its possible role for the classical-quantum
intertwine.

Most of the related experimental topics that include: single trapped
atom manipulations, single atom-photon interaction in a cavity (cavity
quantum electrodynamics), advances in large molecules interferometry, in-
terferometry of Bose-Einstein condensation and a multitude of experiments
on quantum information transfer (teleportation issue included), have nowa-
days received ample publications coverage.

That gave us, Editors for this volume, some freedom in slightly re-
shuffling the accents. While editing the present volume we have intention-
ally pushed its contributors to present topics that still remain insufficiently
explored, albeit being of an utmost importance.

The programme of the School has been shaped with the help of the
scientific committee comprising: V.M. Akulin, Ph. Blanchard, S. Chwirot,
R. Horodecki, P. Knight, J. Rembieliniski, R.F. Werner, A. Zeilinger, P.
Zoller and M. Zukowski. We convey our thanks to all of them.

The School has been financially supported by the University of Wroclaw,
University of Opole, Polish Academy of Sciences and the European Physical
Society.

The Editors
July 2010
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Quantum memories and Landauer’s principle

Robert Alicki
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ul. Wita Stwosza 57, 80-952 Gdarisk, Poland
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Two types of arguments concerning (im)possibility of constructing a scalable,
exponentially stable quantum memory equipped with Hamiltonian controls are
discussed. The first type concerns ergodic properties of open Kitaev models
which are considered as promising candidates for such memories. It is shown
that, although the 4D Kitaev model provides stable qubit observables, the
Hamiltonian control is not possible. The thermodynamical approach leads to
the new proposal of the revised version of Landauer’s principle and suggests
that the existence of quantum memory implies the existence of the perpetuum
mobile of the second kind. Finally, a discussion of the stability property of
information and its implications is presented.

Keywords: quantum computing, quantum memory, Landauer’s principle, laws
of thermodynamics.

1. Introduction

The most challenging idea in Quantum Information is the possibility of
fault-tolerant quantum information processing which violates two rather
fundamental principles.

The first one can be called (Classical) Complexity—Theoretic
Church—Turing Thesis (CTT), which states®:
A probabilistic Turing machine can efficiently simulate any realistic model
of computation.

The second principle is Bohr’s Correspondence Principle (BCP)
expressed in a form:
Classical physics and quantum physics give the same answer when the
systems become large,

2This formulation is not due to Church or Turing, but rather was gradually developed
in complexity theory. “Efficiently” means up to polynomial-time reductions.
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or in other words:
For large systems the experimental data are consistent with classical prob-
abilistic models.

Indeed, the Shor’s algorithm, when realized in a fault-tolerant way, al-
lows factoring of numbers in a polynomial time. This task is believed to be
unfeasible using classical probabilistic computers and hence CTT must be
violated. On the other hand quantum computing should be scalable and
therefore according to BCP at a certain scale a quantum computer should
be described by a classical probabilistic model.

Although there exists a well-developed theory of fault-tolerant quantum
computation (FTQC) based on error correction schemes,* * its phenomeno-
logical assumptions are doubtful and in author’s opinion not convincing.’®
The basic idea of error correction is the following. One assumes that the
(mixed) states of, say, single logical qubit can be identified with a subset
S, of the density matrices for a larger, but still controlled system and T'
is a completely positive trace preserving map (CP-map) modeling errors
(noise) caused by the interaction with an uncontrolled environment. The
error correcting map is another CP-map R such that

RTpy = pg, for any p, € S;. (1)
As any CP-map W is a contraction with respect to the trace norm i.e.
[Wo—=Wp'llh < llp—p'll, for any p, pf (2)

we have

g = pylly = IRTpg — RTpyllx < [[Tpg — Tpglls < llpg = pgllx - (3)

what implies || Tp,—Tp}|l1 = ||pg—pg 1 and hence the existence of a unitary
operator U such that

Tpy = Up,U' for any p, € S,. 4)

The equality (4) means that the degrees of freedom which represent the log-
ical qubit are not essentially affected by the noise and therefore one should
rather speak about error avoiding than error correcting schemes. The same
argument is valid also for classical systems where U is a Koopman’s unitary
map induced by a measure preserving transformation on the phase-space.
The above conclusion is fundamental for the feasibility of FTQC which
is equivalent to the existence of quantum systems - quantum memories -
which possess quantum subsystems sufficiently stable with respect to noise.

To be more precise, one can define a quantum memory for a single en-
coded qubit as the quantum system interacting with a heat bath at the
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temperature 7' which consists of N microscopic subsystems (e.g. spins-1/2,
physical qubits) such that a certain subalgebra of observables isomorphic
to the algebra My of a qubit is exponentially stable for the temperatures
low enough. Exponential stability means that the relaxation times of the
encoded qubit observables increase exponentially with IV and it is a neces-
sary condition to perform computations of an arbitrary, polynomial in N
length.

A quantum memory admits Hamiltonian control if one is able to imple-
ment the Hamiltonians of the form

Heon(t) = X @ Fo(t) + Y ® Fy(t) + Z @ F.(t) (5)

where X, Y, Z are standard hermitian operators which span the algebra M,
(analogs of Pauli matrices) and Fy, Fy, F, are time-dependent hermitian
operators of a generic quantum system or, as a limit case, external classical
fields.
It seems that only an exponentially stable quantum memory with Hamilto-
nian control can be useful for fault-tolerant quantum information processing.
In the next Section the fundamental mechanism of stability for clas-
sical information is briefly discussed. Then, in the following Sections two
approaches to the problem of existence of quantum memory are presented.
The first, a constructive one, involves designing of quantum N spin-1/2 sys-
tems with particular Hamiltonians which are supposed to generate stable
encoded qubit observables when weakly coupled to a heat bath at temper-
atures below a certain critical one. In particular, the results for 2D and
4D Kitaev models are discussed which show that while the later model
contains exponentially stable qubit observables, their Hamiltonian control
seems to be not feasible. The second approach is based on thermodynam-
ics. It is argued that the information processing based on stable information
carriers leads to reexamination of the Landauer’s principle. From this new
formulation it follows that a quantum memory with a Hamiltonian control
cannot be realized in Nature, because its existence implies the existence
of a perpetuum mobile of the second kind. This raises questions about the
very nature of the notion of information, both in the classical and quantum
context.

2. Stable classical memories

The macroscopic world around us is full of bodies with well-defined positions
and shapes and therefore able to encode information. Even much smaller
objects, like macromolecules, exist in stable configurations which carry, for
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example, biologically relevant information. The mechanisms which provides
stability of such “memories” with respect to thermal noise is universal.
Matter occupies rather local minima of free energy than a global minimum
corresponding to a single uniform state. Those minima are separated by free
energy barriers Fy which are proportional to the systems sizes Fiy ~ N.
The Boltzmann factor exp —F /kT dominating the thermal transition rates
between the minima yields life-times of such metastable states growing
exponentially with N. Even for relatively small molecules these life-times
became much longer than the time scale of cosmological processes in the
Universe.

As a simple example one can briefly discuss the classical Ising models
which are able to encode a single bit in terms of the magnetization sign.
Compare the mean-field Ising model (0; = £1) with the Hamiltonian

mf J al
Hy' =—5x5 > ooy (6)

4,j=1

with the 1D-Ising Hamiltonian
N
H\P =~ ojoin (7)
j=1

The energy difference between two configurations +++++++++++++
and + + 4+— — —— 4+ + + + + + is given by
———

k—times

]€2
AE™ = Jk + N AE'YP =27 (8)

and shows the mechanism of bit’s protection against noise. While for the
1D Ising model the energy difference does not depend on the number k
of flipped spins, for the mean-field model it grows with k (the same holds
for 2D, 3D,...). At finite temperatures one has to take into account the
entropy contribution to the free energy which suppress the effect of pro-
tection at high temperatures leading to the ferromagnetic phase transition
phenomenon for 2D, 3D,.., and mean-field Ising models. The question arises:
Does a similar mechanism can protect encoded qubit?

3. Kitaev models

The Kitaev models in D = 2, 3,4 dimensions®!? are spin-1/2 models defined

on a D-dimensional lattice with a toric topology. The Hamiltonian always
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possess the special structure:
=Y XY 7 ©
S c

where, X = ®jes07, Zc = ®jec0; are products of Pauli matrices belonging
to certain finite sets on the lattice, called stars and cubes. They are chosen
in such a way that all X, Z. commute forming an abelian subalgebra Ay,
in the total algebra of 2V x 2% matrices. The noncommutative commutant
of Aup, denoted by C, is a natural candidate for the subalgebra containing
encoded qubit observables.

The stability with respect to thermal noise has been studied within
Markovian models with semigroup generators derived by means of the
Davies weak coupling procedure. The obtained Markovian master equations
possess all properties necessary from the phenomenological point of view:
any initial state relaxes to the Gibbs thermal equilibrium, detailed balance
property holds.!! For Kitaev models which are ultralocal such derivations
are mathematically sound and simple. This makes the analysis of spectral
properties of the Davies generators feasible, but still too involved to be
reproduced here; we refer the reader to'? 14 for details.

For the 2D Kitaev model the spectrum of the Hamiltonian (9) is par-
ticularly simple. The ground state is four-fold degenerated and any excited
state is fully characterized by one of the ground states and the positions on
the lattice occupied by single excitations called anyons. There are two types
of anyons, corresponding to stars (X-type) or cubes (Z-type) and their to-
tal numbers are even. The relative energy of such a state with respect to
ground states is equal to the total number of anyons.

To describe thermal relaxation, one couples all spins to individual iden-
tical heat baths by Hamiltonian terms containing o7, 0. Then, the form
of the Markovian master equation for the density matrix in the interac-
tion picture, and with a uniform normalization of relaxation rates, is the
following

@Zli\f:{aw al]l + [a; p, al]
dt 24 7P 3P4

e (a}, pas] + [af pray)) = [af. [af, p]] |

%i{( (b5 pbl] + b5 p, V]

j=1

2 ([b], pbs] + ] . b31)) = 189, 12, o] - (10)
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Instead of defining here the operators a;,a,bj, b} their physical interpreta-
tion is outlined. The operator a; (a;r-) annihilates (creates) a pair of type-Z

anyons attached to the site j , while a? generates diffusion of anyons of
the same type. Similarly, the operators b;, b}, b? correspond to the type-X
anyons.

The structure of the Hamiltonian (9) and the master equation (10) imply
that the 2D-Kitaev model is equivalent to a gas of noninteracting particles
which are created/annihilated in pairs and diffuse. Heuristically, no mecha-
nism of macroscopic free energy barrier between different phases is present
which could be used to protect even a classical information. Mathemati-
cally, it was proved that the dissipative part of the Davies generator (in the
Heisenberg picture) possesses a spectral gap independent of the size N and
therefore no metastable observables exist in this system.

In contrast to the 2D case the 4D Kitaev model can be described by
a picture similar to droplets in the 2D-Ising model.'® The excitations of
the system are represented by closed loops with energy proportional to
the loops’ length providing the mechanism of a macroscopic energy barrier
separating topologically nonequivalent spin configurations. The 3D model is
an intermediate case, this mechanism works for the one type of excitations
only. Therefore, only encoded “bit” is protected but not the “phase”. The
structure of the evolution equation, for all dimensions is always similar to
(10) with the operators a;r-, b;r- creating excitations of two types and a%b?
changing the shape of excitations but not their energy.

The rigorous arguments concerning 4D case are presented in the pa-
per.'* Generally, for all D = 2,3,4 one can define bare qubit observables
X# Z¥ € C where p = 1,...,D. They are products of the corresponding
Pauli matrices over topologically nontrivial loops (surfaces) which are not
unique. However, only for 4D case there exist exponentially metastable
dressed qubit observables X’ﬂ ZM e C with w=1,2 3,4 related to the bare
ones by the formulas

Xt = XHFH — ZF = ZMFF, (11)

where F# F! are hermitian elements of the algebra A,, with eigenval-
ues +1. On the other hand, bare qubit observables are highly unstable
with relaxation times ~ v/N. The metastability of (11) is proved using the
Peierls argument applied to classical “submodels” of the 4D-Kitaev model
generated either by —>" X, or —>"_Z. and holds below certain critical
temperature.

Any metastable observable (say X ") is given by the following procedure,
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which operationally determines its outcomes:

1. Perform a measurement of all observables o7.

2. Compute the value of X* (multiply previous outcomes for spins belonging
to the “surface” which defines X*).

3. Perform a certain classical algorithm (polynomial in N) which allows to
compute from the o7- measurement data the value £1 of “correction”, i.e.
the eigenvalue of F#, and multiply it by the bare value to get the outcome
of X"

The procedure of above provides the structure of 4-qubit subalgebra
which is exponentially stable with respect to thermal noise below the criti-
cal temperature. However, the dressed qubit observables are given in terms
of a certain algorithm involving a destructive and not repeatable measure-
ment on individual spins. Those qubit observables cannot be used to con-
struct Hamiltonians and therefore this type of memory is not equipped with
Hamiltonian controls. In the author’s opinion this fact reflects fundamen-
tal difficulties with the implementation of the idea of FTQC. This leads
to a natural question: Can phenomenological thermodynamics provide re-
strictions or even mo-go theorems for Quantum Memory, or generally for
Quantum Information Processing?

4. Thermodynamics of information processing

There exists a deep similarity between the complexity theory and thermo-
dynamics. In both cases the predictions have asymptotic character with
respect to the parameter N which in the first case denotes the size of the
input and in the second case the number of elementary physical constituents
( atoms, spins, photons,...), called particles. To make these relations closer
one needs to reformulate the laws of thermodynamics which are usually
expressed in a natural language and have a common sense character.

In'® the following reformulation has been proposed:
Zero-th Law:
Any N -particle system coupled to a thermal bath relaxes to the (possibly
nonunique) thermodynamical equilibrium state at the bath’s temperature
with relaxation time growing at most polynomially in N .
Second Law:
It is impossible to obtain an effective process such that the unique effect is
the subtraction of a positive heat from a reservoir and the production of a
positive work of the order of at least kgT. By effective process we mean a
process which takes at most polynomial time in the number of particles N .
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Fluctuation Theorem

For a system consisting of N particles the probability of observing during
time t an entropy production opposite to that dictated by the second law of
thermodynamics decreases exponentially with Nt.

One should notice that the Zero-th Law provides now a proper definition
of the thermal equilibrium which includes multiple thermodynamical phases
and metastable configurations corresponding to local minima of the free
energy. Fluctuation Theorem'® determines the limits of applicability of the
phenomenological thermodynamics.

4.1. Landauer’s Principle

The direct connection between thermodynamics and information theory is
given by the Landauer’s Principle!” in the formulation of Bennett:'®

Any logically irreversible manipulation of information, such as the erasure
of a bit or the merging of two computation paths, must be accompanied
by a corresponding entropy increase in non-information bearing degrees of
freedom of the information processing apparatus or its environment.
Specifically, each bit of lost information will lead to the release of an amount
kT 1In2 of heat, where kg is the Boltzmann constant and T is the absolute
temperature of the circuit.

There exist two kind of “proofs” of the Landauer’s principle. The first,
and correct one is essentially based on Szilard’s discussion of the Mazwell
demon. A Szilard engine consists of a single particle in a box coupled to
a heat bath. Knowing which half of the box is occupied by a particle one
can close a piston unopposed into the empty half of the box, and then
extract kpT In2 of useful work using isothermal expansion to its original
equilibrium state. Assuming that the Second Law holds the “measurement
process” needs at least the same amount of work which is attributed by
Bennett to a single bit erasure in the process of reseting of the measuring
device.

One should notice that the argument of above does not apply to the
situation where a bit of information is encoded in two possible equilibrium
(metastable) states. Namely, after a measurement one cannot use the re-
laxation process, like isothermal expansion, to extract work and leave the
system in a completely mixed state, because such relaxation needs expo-
nentially long times.

The other type of “proof”, which is incorrect, employs the total entropy
balance for the information bearing subsystem plus the environment. In its
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simplest (and quantum) version the process of a bit’s erasure is described
by the map

1
Pin Q Win — Pout ® Wouty Pin — §(|O><O| + |1><1D7 Pout = |0><0| (12)

Here, the state |0) is a fixed reference state of the information bearing
system and the initial unknown state p;, is completely mixed. The density
matrices w;, and wyy,: describe the initial and final states of the heat bath.
Assuming the validity of the Second Law for the total isolated system one
obtains the estimation for the entropy balance (S(p) = —kpTrpln p)

S(wout) — S(win) > kpln2 (13)

what implies that at least kT In2 of heat is dissipated into the heat bath
during the reseting process. The weak point of this argument is related to
“discontinuity” of entropy for large systems expressed in terms of Fannes
inequality!? for two close density matrices of a system with D-dimensional
Hilbert space and || - ||; denoting the trace norm

1S(p) =S < llp=p'lilnD —[|p—=p'[iIn(lp = p'llx) . (14)

Due to (14) even an infinitesimally small perturbation of the initial product
state in (12), which is always present, can cause a substantial change in the
total entropy.

Another important case illustrating this problem is the Markovian dy-
namics of an open system. Here the state of the total system is well-
approximated by the product p(t) ® wp where p(t) is a solution of the
Markovian master equation and wp is a fixed equilibrium state of a bath.
Obviously, this product form is not consistent with the constant entropy of
the total Hamiltonian system. The missing entropy is hidden in the small
correction terms describing the residual system - bath correlations and small
local perturbations of the bath’s state.

Summarizing, one can trust only the argument proposed by Szilard
which is entirely based on the Second Law and which leads to the following:

Revised Landauer’s Principle for Measurement
A measurement which allows to distinguish between two different states of
a system coupled to a heat bath:

a) needs at least kpTIn2 of work if those states relax to their uniform
statistical mizture,
b) does not need a net amount of work if those states are equilibrium ones.
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4.2. Quantum memory as perpetuum mobile

Following!® one can construct a model of a perpetuum mobile of the second
kind under the assumption that one possesses a single-qubit exponentially
stable quantum memory with a Hamiltonian control. The device contains
besides the memory a quantum version of the Szilard engine. It is a two-level
system with controlled energies of both levels. The system relaxes to the
Gibbs state due to the interaction with a heat bath. Assume that the initial
state is the one of those eigenstates and the initial energies are both equal
to zero. If one knows which level is occupied then one can quickly increase
the energy of the second level to the value £ >> kpT. In the next step one
couples the system to a heat bath and slowly decreases the energy of the
second level back to zero. It is easily to compute that during this process an
amount of work W ~ kpT1n?2 is subtracted from the heat bath.?9 In the
standard setting one concludes that the process of acquiring information
about the initial state, in a cyclic process, needs at least the same amount
of work. Here, the quantum memory is used to prepare a given initial state.
Namely, according to the revised Landauer’s principle a measurement of a
state of quantum memory in a given basis does not cost work. Knowing
the state of memory one can swap it with the relaxing system and then
start the process of extracting work. The swap operation is unitary and
hence does not cost work and can be realized using the Heisenberg-type
interaction Hamiltonian?' between the memory and the relaxing qubit

Hip(t) =At) (X ®0"+Y @Y+ Z @ 07). (15)

Here o% are Pauli matrices for the relaxing qubit and A(t) is a time-

dependent coupling constant. The construction of such a Hamiltonian is
guaranteed by the assumption of Hamiltonian control for the quantum
memory. Finally, the net effect of the whole cyclic process is the subtraction
of heat from the bath and the production of work what violates the Second
Law of Thermodynamics.

5. Two types of information?

The arguments of the previous Section can be also applied to a classical
stable memory. The revised Landauer’s Principle is valid in the classical case
also and it is not difficult to give an example of a classical Hamiltonian swap
operation.? To avoid the conflict with the Second Law one has to conclude

bIt can be done for two classical systems with a single degree of freedom each and the
Hamiltonian quadratic in position and momenta.
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that the Hamiltonian (reversible) gates are incompatible with stability of
encoded information. Indeed, taking as a model of classical one-bit memory
a particle in a double-well potential, it is rather obvious that friction is a
necessary ingredient to stabilize information. Applying a Hamiltonian gate
by kicking a particle from one well to the other one never reaches a final
stable state but rather oscillations between two values of bits as long as
friction is not at work. Obviously, in the existing computers all gates are
strongly irreversible.

It seems that stability of information is an important ingredient of

its very definition. One often does not make difference between “pseudo-
information” encoded e.g. in temporal positions of gas particles and “in-
formation” encoded e.g. in a shape of a macroscopic body. The previous
discussion on the Landauer’s principle and the intuitive analysis of simple
examples allow to characterize the fundamental features of both notions:
1) Pseudo-Information is unstable with respect to thermal noise; can be
used to extract work from a heat bath and hence its acquiring costs work
at least kpT x (Shannon entropy); can be processed reversibly.
2) Information is stable with respect to thermal noise (at least below a
certain temperature, with life-time scaling ~ exp(yIV)); its acquiring does
not cost work; its Shannon entropy has no thermodynamical meaning; must
be processed irreversibly with a cost of a single gate ~ yNkgT of work.

The intrinsic lack of stability with respect to thermal noise makes the
practical applicability of pseudo-information very limited. In the author’s
opinion Quantum Information is, unfortunately, an example of pseudo-
information.
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Asymptotic entanglement in open quantum systems
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We consider the behavior of entanglement in open quantum systems and show
that, despite decoherence and in contrast to expectations, suitably engineered
couplings to the environment may generate quantum correlations in unexpected
ways.

Keywords: open quantum systems; dissipative generation of entanglement; en-
tanglement production.

1. Introduction

In recent years, the development of quantum information theory has com-
pletely transformed the perception of entanglement; the status of such a
notion indeed changed from that of an epistemological riddle relative to
the completeness of quantum mechanics to a physical resource that allows
performing informational tasks, namely manipulation and transmission of
information, that would be impossible by using classical resources.!™ The
creation of entangled states robust against decoherence is a main con-
cern of quantum information theory, a major source of decoherence being
non—negligible couplings to the environment in which quantum systems are
immersed.

When the couplings to the environment are weak enough, one deals with
open quantum systems for which various techniques allow one to derive a
reduced dynamics which is free of memory effects, consists of a semigroup
of completely positive maps and is fully characterized by a master equation
of Lindblad type.*® The noisy and dissipative effects described by such
master equations generically result in decoherence and in depletion of en-
tanglement; however, it turns out that if, suitably engineered, the coupling
to the environment can be used to generate entanglement and even to make
it persist asymptotically .6 13
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After briefly reviewing the salient facts of open quantum system dy-
namics and of entanglement, the focus will be upon the generation of en-
tanglement in open quantum systems consisting of two qubits and upon
its behavior on short and large times. In order to better emphasize the
possibility of generating entanglement by dissipation, we will tackle a con-
jecture recently put forward '* stating that the production of entropy will
always last longer than that of entanglement. We show that the conjecture
is violated when there is asymptotic entanglement.

In the second part of the contribution, we will consider three equal
qubits and illustrate the possibilities set in store by higher dimensionality
via discussing a protocol that consists in appending a third qubit to a pair
of two qubits, switching on a highly symmetric coupling to an environment,
letting equilibrium to be reached and finally eliminating one qubit. We show
that the remaining two qubits can get more asymptotic entanglement than
what they would by direct immersion in the same environment.

2. Quantum systems in their environment

In the following we shall focus upon finite level systems S consisting of
two bipartite systems weakly interacting with their environment E. The
observables of the system of S will be Hermitean matrices Mg(C) and its
states either by vectors |[¢) € C4, if pure, or by density matrices, that is by
positive semi-definite matrices p € My(C) of trace 1.

Firstly, we briefly resume how a memoryless master equation can be
obtained for an open quantum system, that is how a Markovian, dissipative
time-evolution, known as quantum dynamical semigroup, can be extracted
from the global reversible time-evolution of the compound system S + E.
More details can be found in standard reference books 4

Weak-coupling limit The compound system S + FE is treated as closed
so that its reversible dynamics is generated by a total Hamiltonian

Hr=Hs + Hg + ANHy (1)

where Hg g are the Hamiltonian operators of system and environment,
while

Hi=> XJoxF (2)

describes the interaction among them by means of operators X ¥ of the
system, respectively of the environment. The weakness of the coupling is
measured by an a—dimensional coupling constant \ < 1.
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If the unitary time-evolution: U; = exp(it Hr) (h = 1) acts on a factor-
ized initial states

pT = ps @ pE , (3)

by eliminating the environment degrees of freedom via a partial trace over
the environment Hilbert space, one extracts the time-evolution of S, pg —
ps(t) as follows

ps = ps(t) = Tew (U ps @ pi U (4)

Dips(t) = —i [Hs, ps(t)] + X2 / WD, pstt—uw)]  (5)

The maps A; : ps +— pg(t) are trace-preserving and completely positive;
that is, the map A; ® id,, preserves the positivity of all states of the com-
pound system S + S,, where S,, is any n-dimensional ancilla.

Having traced out part of the total system, irreversibility sets in and,
because of the memory effects embodied by the kernel of the integro—
differential equation (4), the maps A; do not constitute a forward—in—time
semigroup. However, the environmental effects can only be visible on the
slow time-scale 7 = A\? t, where the memory effects can be neglected and a
Markovian reduced dynamics may emerge.

Concretely, choosing pg in (3) as an environment equilibrium state
([pe, Hg] = 0), via the so—called weak-coupling limit which consists in
letting A — 0 and ¢t — 400 while keeping fixed the slow time 7 = A2, the
completely positive maps A; go into completely positive maps ; that form
a semigroup: Yers = ¢ © ¥s for all s, t > 0. These maps are generated by
the following time-independent master equation that is obtained from (4):

Oups(t) = —i[H, ps(t)] + A D[ps(t)] =: Llps(t)] (6)
d?-1
Dlps] = Z Kij <EpSFJT - %(FJT Fips + PSFJTE)> - (M

The generator IL consists in a Hamiltonian term with Hamiltonian operator
H = Hg+ )\? H, which is the sum of the initial one in eq. (1) plus a contri-
bution from the interaction of the environment. The noise and dissipative
effects due to the presence of the environment are described by the linear ac-
tion denoted by ID which is written in terms of a Hilbert-Schmidt orthonor-
mal basis of matrices in My(C): Tr(F;r F;) = 0ij, Fg2 = 1/d. The informa-
tion relative to the presence of the environment and of its coupling (2) to the
system S is contained in the (d*—1)x (d*—1) Kossakowski matriz K = [K,j],



16 F. Benatti

whose entries are sums of time—Fourier transforms of the environment 2—
point time-correlation functions Trg (pg e’ 7" XF e "ot X7 ) evaluated
at differences of the eigenvalues of the system Hamiltonian Hg.

Complete positivity, which guarantees the physical consistency !! of the
semigroup of maps 7, generated by (6), is equivalent to the positivity of
the Kossakowski matrix K > 0.

2.1. 2 and 3 open qubits

As a concrete application, we shall consider composite systems consist-
ing either of 2 (d = 4) or 3 (d = 8) two-level quantum systems (qubits)
weakly interacting with an environment through an interaction Hamilto-
nian (see (2))

3 2,3
Hi=> %0Xg, Ez‘:ZOZ@), (8)
i=1 a=1

where O'ga), 1 =1,2,3 are the Pauli matrices for the a-th qubit, a =1,2,3

Namely, the form of the coupling to the environment does not distinguish

between the qubits. The resulting master equation will be completely sym-

metric with respect to the qubits involved by further considering a context

in which there are no direct interactions between the qubits and rotate with
equal frequency w around the z—direction in space:

w w

Hg = 5 (O’él) +U§Q) +0§3)) =3

Thus, in the following we shall thus mainly concentrate on master equations

of the highly symmetric form

25 . (9)

(X3, pe] + 23: Ajj (Ei pr 2 — %{Ejzi; Pt}) (10)

1,j=1

LW
——

8tpt = 2

D[p:]

with positive 3 x 3 Kossakowski matrix A = [4;;] > 0.

3. Entanglement and dissipation

We shall be concerned with bipartite entanglement; under this caption,
there go those correlations among two finite-level parties A, B described
by the matrix algebra My, q,(C) = Mg, (C) ® Mg, (C) acting on the Hilbert
space C% @ C% that are not explainable by classical probability theory.
Entanglement or non-separability is the characteristic of those bipartite
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density matrices p € My, q4,(C) that cannot be written as convex linear
combinations of tensor products of density matrices p(®) of A, respectively
p® of B. Vice versa, states of the form 3

Mg,a,(©) 2 p=> X @p" . Ny>0, 3 Ay=1 (11
ij ij
are called separable.
As already sketched in the introduction, we shall investigate the two
following issues

e the generation of entanglement starting from an initially separable
state;
e the fate of the entanglement of an initially entangled state.

We start by reviewing some aspects of bipartite entanglement and some
related technical tools.

3.1. Bipartite entanglement and its characterization

When d, = d, = 2 or d, = 2,dy, = 3 or d, = 3,dp = 2, a bipartite
state p is entangled if and only if it does not remain positive under partial
transposition; namely, if T transposes a matrix x € My(C) with respect to
a given representation, (T'[z]);; = x;;, then p is entangled if and only if

ideT[pl 20, (12)

where id ® A indicates that the operation A acts only on the second party
of the compound system. Notice that if A is completely positive, id ® A is
automatically positive; indeed, transposition is the prototype of positive,
but not completely positive maps. The reason why in low dimension trans-
position is a complete witness of bipartite entanglement resides in the fact
that® 1) all bipartite entangled states are witnessed by positive, but not
completely positive maps and 2) in low dimension all positive maps are
sums of completely positive maps and completely positive maps composed
with transposition. On the contrary, already when d, = d, = 3, there are
entangled states which remain positive under partial transposition.

Concurrence The amount of entanglement in a two-qubit state p can be
measured by means of the concurrence.!®> Consider a two qubit pure state

[¢) = «|00) + B]01) + ~|10) + &]11)

where o3]0) = [0), o3]|1) = —|1), with |a|? + 8% + |y|> + [0]* = 1. If it is
separable, the reduced density matrix p; = Tra(|1)(¢)|) obtained by partial
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tracing over the Hilbert space of the second qubit,

_ (IO&I2 +18 ay* + 65*>

P \aty 88 P 1812

is a projection and vice versa. Therefore, the closer p; is to a projection,
the less entangled is |¢); this vicinity is usefully measured by the so-called
entaglement of formation,? that is by the von Neumann entropy of p; (or
equivalenty of po since the reduced density matrices of a bipartite pure state
have the same non null eigenvalues):

1-—p 1—p 1+p 1+p
S(p1) = ——~log—= — ——log — (13)
p=+V1-0C?, 0<C=2ad—pv|<1. (14)

Given the two qubit vector state
[§) = 02 ® 0a|¢p*) = —a” [11) + 57 [10) + ~*[10) — §7[00)

where |¢*) is the conjugate vector of |¢) with respect to the basis [0),[1),
it is immediate to check that the 4 x 4 matrix

R = [} () (9] - (15)

has C% = 4 |ad — ﬂ*y|2 as positive eigenvalue. The square root of the latter is
known as the concurrence of the pure state [¢): when it is maximal, C' = 1,
then p = 1 and S(p;) = log2 is maximal, in which case [¢) is mazimally
entangled; otherwise, when C' = 0 is minimal, then p = 1, S(p;) = 0 and
|1 is separable.

In conclusion, for two qubit pure states, their entanglement is consis-
tently measured by the concurrence C. For two qubit density matrices p,
the entanglement of formation (13) is replaced by

E(p) :mf{z NS(o) : p= ZAi|wi><wi|} , (16)

that is by the smallest convex combination of the entanglement of formation
S(pi) = Tra(J1*) (1]) of the pure states |1%) (2] in terms of which p can be
convexly expanded as >, \i[¢") (1], \; > 0, >°. A; = 1. Surprisingly, the
variational quantity (16) can be expressed as in (13) with the concurrence
C in (14) substituted by

C =max{0,\1 — Ao — A3 — A}, (17)

where Ay > A2 > A3 > A4 are the square roots of the (positive) eigenvalues
of the 4 x 4 matrix

R = poél)oéz) poél)af) , (18)



Asymptotic entanglement in open quantum systems 19

which generalizes the matrix R in (15) and similarly has non-negative eigen-
values.

Example 1. In the following, we will deal with density matrices of the
form

a000
_|0bcO
P=locdo
000e

cabde>0,a+b+d+e=1,bd>c?,

written with respect to the standard basis |00}, [01), |10), |11). In such a
case, the concurrence can readily be computed as

C(p) = max {0,2(|c| — Vae)} . (19)

Relative entropy of entanglement Given two such density matrices,
their quantum relative entropy is defined by!®

S(p1llp2) = Tr(gl(log 01 — log 92)) : (20)

A finite level quantum system with Hamiltonian H put in contact with
a heat bath at temperature 7' = 1/ (Boltzmann constant x = 1), is
expected to be driven asymptotically into the thermal equilibrium state
or =exp(—BH)/Zs, Zz = Tr(exp(—(FH)). If this occurs under a quantum
dynamical semigroup o — o = ¢[g], that is if lim;—, o 0+ = or, then

1
BS(QtHQT) =-T5S5(r) + Tr(ee H) + T logZs

where S(p) = —Trploge is the von Neumann entropy of the state p.
Since the second term corresponds to the system’s internal energy, the first
two contributions give the system’s free energy corresponding to the time-
evolving state py:17

F(ot) =U(0t) =T S(0t) , Ulot) =Tr(ot H) -

Finally, F(or) = —logZs implies that the quantum relative entropy is
related to the difference of free energies

S(edler) = B(F(e) = Fler)) -

Because of the second law of thermodynamics, the above quantity should be
positive and its time-derivative non-positive. The first property is guaran-
teed by the properties of the quantum relative entropy,'® while the second
one holds true when the irreversible time-evolution is given by a Markovian
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semigroup, that is when g; = y[o] and v 0 ys = v5 0 3¢ = 53¢ for all
s,t > 0. Indeed, since v¢[or] = or, one derives

S(ecller) = S (vulel l1vlerl) = S (v-s o slel |1 9e-s o vsler])
< S(yslell[vsler]) = S(esller) YO<s<t,

where the last inequality follows from the fact that the quantum relative
entropy decreases under the action of completely positive trace-preserving
maps.16

The quantum relative entropy has also been used as a possible measure
of the entanglement content of a quantum state: the so-called relative en-
tropy of entanglement provides a pseudo-distance between a state and the
closed convex set of separable states.'®

When the density matrix p is the state of, say, a bipartite quantum
system, it makes sense to introduce the relative entropy of entanglement,

Elel = inf S(cllosep) , (21)
as a measure of the entanglement content of p. Indeed, the above quan-
tity vanishes if and only if p is separable and can be used to measure the
distance of p ® from the convex set of separable states; furthermore, it can-
not increase, but it at most remains constant, under the action of local
operations, described by trace-preserving completely positive maps acting
independently on the two parties.!?-20

3.2. Dissipative generation of entanglement

We shall first consider the case of two open qubits; in general, without the
symmetry assumption on their coupling to the environment as in (10). In
general, the master equation has the form

Oup = —i[H + Hiz, pi] + Dlp(t)] = Lip(t) (22)
3

Hiz =Y 03P oMol h02 = [h1*] real matrix (23)
i,j=1

Dii= X5 K (ol - {0} e

a,b=1,21,57=1,2,3

aThe relative entropy of entanglement is not exactly a distance since it is not symmetric.
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K(ll) K(IQ)
K(21) K(22)
being 3 x 3 positive matrix themselves and (K1) = KD,

With respect to the highly symmetric case (10), the Kossakowski matri-
ces thus consists of blocks K (%) of 3 x 3 matrices; the diagonal ones (a = b)
refer to single qubits and characterize their relaxation properties, whereas
the off-diagonal ones (a # b) are responsible for the source of the statis-
tical coupling of qubit @ and b. One thus expects that the generation and
survival of correlations among different qubits result from the prevalence
of the off-diagonal statistical coupling over diagonal decoherence.

Concerning the generation of entanglement at small times, in the case
of two qubits subjected to a dissipative time-evolution of the form (22), a
sufficient condition is given by the following

with positive Kossakowski matrix K = < >, the matrices K (@)

Proposition 1.1 A 2-qubit separable vector state |1)) ® |¢) becomes
entangled at ¢ ~ 0 under the action of the quantum dynamical semigroup
generated by (22) if the following inequality holds

2
6 = (ul K Ju) (ol (K o) = [(0] (Re(KO2) + 002 ) )| <0,

(25)
where, Re(X) = X+TXT , Sm(X) = X—272XT and
up = (Yloglyr) , v = ($Lloil¢") . (26)

The idea of the proof is as follows: First of all, one can restrict oneself
to considering initial separable states that are pure. Indeed, if these kind of
states cannot be entangled at small times, neither can their linear convex
combinations. Then, one considers the first order expansion in ¢ of the
time-evolution generated by (22)

pe > [V) (] @ ) (@] + tL{[P) (| @ [¢) (4] -

Since the open quantum system of interest consists of two qubits, the pos-
sible generation of entanglement is fully witnessed by partial transposition
that yields

id @ Tlpe] ~ [) (¥ @ |¢") (6" + tid @ T[L{|¢) (Y| @ [$){o]] -

The resulting state at small times is thus entangled if there are negative
mean values

(Vlid ® T[p][¥) == ¢ (¥[id @ T[L{[$)(¢| @ |¢){o[]]|¥) <O
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with respect to states |¥) orthogonal to ) ® |¢*):

W) = aly) @ [¢71) + BlvL) @ [9") +nlvr) @[47)
where (¢ [¢) = (9% |¢*) = 0 and |¢*) is the vector conjugate to |¢) in the
chosen representation with respect to which transposition is defined.
The choice of |¥) eliminates the zeroth—order term and must be entan-
gled otherwise the partial transposition could be shifted to it by duality,

T (19)(w]id @ Tloi] ) = T (id @ TIW) (] )
and the mean value would always be non—negative.

It turns out that this condition is nearly necessary, failing to be so only
when the quantity ¢ in (25) vanishes. Indeed, one has

Proposition 22! If § in (25) is strictly positive (> 0); then, separable
two-qubit states cannot get entangled by the quantum dynamical semi-
groups generated by (22).

Example 3.'' Let us consider two identical open qubits, evolving in time
according to the master equation (10) with ¥; = oM 4+ 052) and P

%

1 B0
A=|—-if10], 0<pB<1.
0 01
. . AA
In such a case, the Kossakowski matrix in (24) reads K = aAl) thus,
or the initial state |0) ® |1), where ¢3]0) = |0), o3|1) = —|1), one computes
|u) = |v) = ({0]o;|1)) = (1, —1i,0) so that (25) reads
A4+ AT 2 A—AT 2
6 = (ulAfu) (ul AT — |(ulZ )| = =l )|

=-3%<0.

In the following example, rather than with the generation of entanglement
at small times, we deal with its asymptotic behavior.

Example 4.22 The master equation (10) with Kossakovski matrix as in
the previous example can be explicitly solved by representing the time—
evolving state p; = Z?,j:l pij(t) |)(j| with respect to the orthonormal
basis:
|01) + |10) _|01) —|10)

V2 R

bThe microscopic justification of such a form will become apparent in Section 5.

1) =100) , [2) =[11) [3) = » 13)
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where [ij), i,j = 0,1, and o3|j) = (—1)7]5) .22
Any initial state diagonal with respect to this basis,

a0 00
0%e b0
p=al)(U+d[2)2+0B) B[ +elhil = [ [ o2e e o » (27)
2 2
00 0d

remains diagonal under the dissipative time—evolution generated by (10)
and the resulting asymptotic state po, can explicitly be computed:

p = pr = ag |[1) (1] + de|2)(2] + by |3)(3] + ¢ |4) (4] (28)
2 2
b = gz 1-amul + S a-ael @)
(-8

+ (1—c)|3)(3] + c|4)(4] .

3452
The concurrence can thus be computed by using (19):

C(ps) = max {0,2 <|bt = d_ \/ﬁ)} (30)

’1—52 —40‘ —2(1- 410
3452

C(poo) = max ¢ 0, (31)

4. Entropy and entanglement production

Based on the thermodynamical arguments of Section 3, one may consider
generic open quantum dynamics o — [g] = o: with asymptotic states
limy, 100 0t = 0o, that are not necessarily thermal ones. The speed of
convergence to such stationary states starting from an initial state o can
then be measured by the entropy rate

olo] =~ 3S(allo) = Te(alog o — logr)) . (32)

Example 5. The entropy production that accompanies the tendency to
equilibrium of the states of Example 4, can explicitly be computed; indeed,
being the states o; and oo, diagonal with respect to the same orthonormal
basis, the entropy rate (32) has the analytic expression
(1-pP1-0) (1-p5(1-0¢)

at(3—|—ﬂ2) bt(3+ﬂ2)
1+8)*1—c)

de(3+32)

olot] = a¢ log + b, log

+d, log (33)
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Analogously, one may look at the entanglement rate when the system
evolves, i.e. at the time-derivative of the pseudo-distance given by the rel-
ative entropy of entanglement (21):

oslod = 5 Fled] (39

Example 6.2% In the case of the diagonal states (27) of Example 4, the
variational computation involved by the definition (21) can be solved and
the states achieving the supremum computed analytically. It is achieved at
the separable states

psep = x[1) (1] +u[3) (3] + v [4) (4] + ¥ [2)(2|

z,y,u,veER, s+ut+v+y=1, @gx/x ,

and it is given by explicitly computing 22 the supremum in

E(pt) = —S(p;) — sup (at logz + d; logy + b;logu +clogv> ,

T,Y,u,v
where a4, by, ¢; are the coefficients appearing in (28).

In Ref. 14 it is argued that

< ofed (35)

osled]

always holds in absence of direct entangling interactions between the par-
ties. The argument on which this conjecture is based is that decoherence is
expected to deplete entanglement before reaching the asymptotic state and
thus before the entropy production vanishes.

By using (28), (29) and (19) to compute the concurrences and the
explicit analytical results of Example 5 and 6 to plot (32) and (34), such
a conjecture can be put to test. It turns out to be false in cases when the
asymptotic states are entangled.

Case 1. [Initial and final states: separable. The initial state, in the diag-
onal form (27),

p= 22 + 5133l + 2 )4

is mixed and entangled and goes into the separable asymptotic state

_ 32 2 — 3
e % % 21+ S0P sy + 2y

i + e
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Figure 1. Case 1: 8 = 0.5; o[p¢] dashed line, |ocg[p¢]| continuous line

For 3 = 0.5, the initial and final concurrences are C(p) = £ and C(pos) = 0.
The conjecture (35) is confirmed in such a case.
Case 2. Initial and final states: entangled. The initial state

p= 5122 + T 133 + 2 44

is mixed and entangled and goes into the entangled asymptotic state

_21-p)? 2(1 + 3?) 2102 3
P =5 VU s PP e PO sl
The concurrences are C(p) = & and C(pao) = AEE: with § = 0.5 the

final entanglement is smaller than the initial one, C(pos) < C(p) = 3. The
following graph shows that, in such a case, the conjecture (35) is always
violated.

Figure 2. Case 2: 8 = 0.5; o[pt] dashed line, |og[pt]| continuous line

Case 3. Final entanglement larger than the initial one. Initial state as in
Case 2, but 3 = .8: C(pso) > C(p) = %. In this case, the following graph
shows that the conjecture (35) is violated after some time.®

¢The cusp is due to the absolute value in definition (34).
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Figure 3. Case 3: 3 = 0.8; o[o¢] dashed line, |og[ot]| continuous line

5. Three open qubits in a symmetric environment

In the second part of this contribution, we consider 3 identical qubits in
a symmetric environment with dissipative time-evolution generated by a
master equation of the form (10). Unlike in Example 3, we shall consider
the following Kossakowski matrix

a b0
A=|-iba0] , c¢>0,ad*>>0". (36)
0 0c
It corresponds to an interaction Hamiltonian 2
3 2,3
=YY oo X,
i=1 a=1

with an environment consisting of scalar Bosons with thermal two-point
correlation functions

Trw (XE, XE, (D) = 0 / Az dg £ (@) JO ) Cs(t, &~ §)

. d*k ) e—ithotik@  githo—ik-@
Gﬁ(t,x):/ﬁﬁ(ko)é(k)(1_e_5k0 T iy

in the limit where the smearing functions f(*?) (%) spatially localize the two
qubits at the origin. The coefficients of the Kossakowski matrix are then
given by

w 1

w
= — coth 2 =—— =
a= coth(fw/2), b w0 578

The case of Example 3 corresponds to the small 8 (high temperature) ap-
proximation of the present case.

As announced in the Introduction, purpose of this section is to apply
the following protocol to two equal qubits symmetrically interacting with
an environment as described by (10) with Kossakowski matrix as in (36) :32
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e Add a third qubit equal to the given two qubits;

e switch on the symmetric coupling to the environment;
e let equilibrium be reached;

e climinate one qubit.

Then, we show that the remaining two qubits can

(1) get entangled when they would not if directly immersed in the sym-
metric environment;

(2) show an asymptotic entanglement gain with respect to the initial state,
while by direct immersion they would not;

(3) show a greater entanglement gain with respect to what they would
exhibit by direct immersion.

Thus, we shall essentially be concerned with the stationary states of (10)
for two (X; = ogl) + 01(2)) and three qubits (Z; = Uil) + 052) + 0(3)).

K3

Example 7. One qubit: ¥; = g;. The stationary states of

3
W 1
Oy = —ig {03, pt} + vleij (Ui Proj — 5 {Uj o Pt}) ,

)=

can be evaluated by translating it into an equation

. a+c—w/2 0 0
=L — 2, L=|w/2 a+c 0 , Zz=1o0
0 0 2a 2b

1
for the Bloch vector 7; of the density matrix p; = 5( 147 - ). It turns out

that there is only one (full rank) stationary state:

| 0 0
p;;o:§(1+rooag), Fe=[0]=c17=| 0
Too b/a

5.1. Stationary states: general results

An abstract approach to the characterization of the manifold of stationary
states of quantum dynamical semigroups and of the tendency to equilibrium
were developed long ago at the beginning of the theory of open quantum sys-
tems 4172527 Only a partial characterization was then achieved; recently,
the issue has been taken on again because of its increasing importance in
quantum information theory .28 3!
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We shall hereby review some tools that are necessary for the rest of
this contribution. In order to inspect the manifold of invariant states of a
given quantum dynamical semigroup, it is convenient to consider the dual
(Heisenberg) time-evolution, My(C) 3 z + v, [z] € My(C), of the system
observables (matrices € My(C)) and to write the corresponding master
equation in Kraus diagonal form :4

6txt:i[H,xt] i(v 2 Vi ——{V th}) =LT[z], (37)
=1

whose generator ILT (dual of IL in (22)) is obtained by differentiating the
duality relation

Tr(x %[p]) = Tr(%lr [] p) :

Example 8. In the case of the master equation (10) for identical qubits,
the generator in the Heisenberg picture reads

Orxy = 1 — {23, xt] Z Ajj (E T2 {E > ,,xt})

,j=1

By diagonalizing the Kossakowski matrix (36), one gets the diagonal form

6txt:i%[23 ,xt] i(V z V; ——{V Waxt}) ) (38)
i=1

with Kraus operators
X1 F i

Vi, =12(aF0) S Va=Ves. (39)

The following one is an important structural result given to2? that we
rephrase for finite level systems.

Theorem 1. Consider the set of v, -invariant d x d matrices
M4(C) D M, = {x € My(C) : v [z] = x} ;

if pg is a full rank stationary state (v:[po] = po), then M, is a * sub-algebra.
Namely, z € M., =zt € M, , z'z € M, and

z €M, =[] =2, v [T =2, ¥f[zla] =ale.

Furthermore, the time-average

E[z] = lim % dt v ] (40)
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defines a unique conditional expectation: I : My(C) — M, such that

Elyzz] =yE[z] z Vo € Mg(C) , Yy,z € M, . (41)

Notice that, given IE, by duality, one gets a completely positive map IF
onto the y;—invariant states; this map associates to any state p an invariant
state poo = F[p]; as follows

Tr(plE[;v]) = Tr(]F[p] x) ) Vo e My(C) . (42)

If a full rank ~;—stationary state exists, to construct the yf—invariant
sub-algebra M, one looks at the so—called commutant set {V;}' of the Kraus

set {V; }:
(Vi == {o € My(©) : [, Vi) = OVi} . (43)
Let us consider the so—called dissipative set
D, = {x € My(C) : LT[zT2] — 2"LT[2] - LT [2T]x = 0} .
This set equals the commutant set: {V;}’ C D, is obvious, while

xEDV:Z[Vi,x]T[Vi,x]:0:>[m7Vi]:0.

Observe that M., C D,: this follows from the definition of the dissipative
set and from the fact that

x €My =/ [r] =z, v [z =2, yf[aTa] = 2Tz
so that, by differentiation,
reM, =L 2] =0, LTz =0, LTzt z]=0.

Consider now the commutant set (it is actually a sub—algebra in such a
case) {H,V;, V.'}: this is contained in M, for {H,V;, V' o (Vi)

Lemma 1. If {V;} = {H,V;,V,'} then M, = {V;}'.
Proof: M, C D, ={V;}/ = {H,V,,V;'} C M,

Example 9. A quantum dynamical semigroup 7; has a unique stationary
state if {V;} = {H,V;, V') = {\1} = M, In fact, in such a case,

M, ={A\1} = E[z] =Az)1.

Notice that, while the map IF in (42) associates to any state p a sta-
tionary state poo = IF[p], it is not in general true that v:[p] — poo When
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t — 4o00. In?7 it was proved that such is the case when the invariant
sub-algebra M., coincides with the subset

N, = {JJEM : 7?[%*$]=7?[$T]7?[x]w20}-

By differentiation at ¢ = 0, this subset is seen to be contained in D,. Also,
it contains the sub—algebra {H, V;, V;T}’ . Thus,

Lemma 2. If {V;} = {H,V;, V'V, Jim _y[p] = Flp] for all p € Ma(C).

Proof: From Lemma 1 and the previous considerations it follows that
M, ={V;} ={H,V;,V;'}y TN, € D, = {Vi}".

In the following discussion, the context will be such that Lemmas 1 and
2 can be applied.

Application to two identical qubits In this section we apply the ab-
stract theory outlined above to the concrete case of two open identical
qubits in a symmetric environment whose time-evolution is given by (10)
with Kossakowski matrix as in (36).

One can directly check that a full rank stationary two qubit state is given
by p%2 = p*_  ® pZ, where p* is the one-qubit stationary state of Example
7. Then, notice that the commutant set {V;} = {%;} = {H, Vi, V;'} so
that the yf—invariant sub—algebra M., equals the commutant set. In order
to construct it, one writes

3
My(C)>z=\1 + ZAE“) ol + Z Xij 0 ® 0

i=1a=1 i,j=1

and imposes that [z, ¥,] = 0 for all p =1, 2,3, whence

3
M, = Dy = {S:}' = LinSpan{1, T =} 0, @03} .

j=1

Therefore, M, is a commutative algebra generated by the minimal orthog-
onal projections

pol(i-n), eeroreleer).a

where P projects onto the singlet-state

P9, = —(0e - hel).
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Then, the conditional expectation onto the sub-algebra M, is easily con-
structed by setting E[z] = A(z) P + p(x) Q; indeed, from (40) one derives

E[P2P| = PEa] P = \x) P, BlQ2Q) = QE[]Q = u(x)Q ,  (45)
whence

B Tr(P p&2 Px)

- o T (Qr2 Q) |

T(p2P) - ()

Finally, by the duality relation (42), one finds that the stationary states

are obtained as
4(1 Ty (p P))

w=Fp=— 77 @2
P (o] Py P t+

(46)

4Tr(pP) 1472
342

P. (47)

Lemma 2 holds in this context; therefore, any initial p will tend to p as

t — +o0.

Example 10. Consider the following class of two—qubit states:
play=al + (1-4a)P, 0<a<1/3; (48)

applying (47) one gets the stationary states

_ 12a gy 3472 —12a
_3+r§op°° 3+

Poo ()

whose concurrence (17) can be explicitly computed:

1 3—rZ
C’(poo(a)):§—i?>oz3_i_r2 >0
3 2
for0§a<a(roo):ﬁ.

For the states p(a) and the associated stationary states poo(c), the
following possibilities arise:

1 < ofre) < a <

b

(=2
wl

p(a) and poo () are both separable if

[t

2

3
4

p <

6
p(a) and poo () are both entangled if 0 < aw < 1/6;
Define

(1) o

(2) p(«) is separable and poo () entangled if = < a < a(rw);
(3) o

(4)

1+r3, 1
3+72 27

Afa) = C(poo(@)) = Clp(@)) =9 (50)
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then there is an entanglement gain, namely A(a) > 0, if
3+ 12

a>a(re) = gy -

Application to three identical qubits We now take on the case of three
identical qubits in the symmetric environment described by (10) and (36).
As p22 = p*_ @ p%, where p* is the one-qubit stationary state of Example 7
is a full rank stationary state for two qubits, such is p3 = p*_ ®p% ®@pZ, for
three qubits. Furthermore, it also holds that {V;} = {¥;} = {H, Vi, V,'}/
where ¥; = 051) (2) + U( ): thus M, ={V;}.

In order to inbpect the structure of M., in such a case, write

Af@»ax—A1+§:§:M@ ”—%E:EZM“)“”®A”(m)

i=1a=1 i,5=1 a#b
3
+ Z A J( )J( )U() (52)
i,j, k=1

and imposes [z, X,] = 0 for all p = 1,2,3. This yields
3
M, = {5} = LinSpan{]l , gab) S} L5 =37 5o
i=1

S = Zeijkagl)0§2)02) .

ijk
The ! -invariant sub-algebra is thus non-commutative and the explicit
construction of the conditional expectation IE (40) onto it rather difficult.
We content ourselves with the following two actions of the dual map IF (42):

FIP®1]=2P®p., (53)

Z P (p5 ) ) (54)

°° a<b=2

F[1] =

®3
1+ 72, Poo
where P is the projector (44) onto the singlet state of the first two qubits,
P(a) are the same for qubits a and b, while (P5o)(c) denotes the state p
of qubit c.

These expressions suffice to find all stationary states associated to an
extension to three qubits of the special class of two qubit—states (48).

Example 11. Add a totally depolarized third qubit to the two—qubit
states p(a) in (48): p(a) — p123(), where

1 « 1-4a
pras(e) = pla) @ 5 = 51 +

=3 s Pel. (55)
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Then, use (53) and (54) to associate to each of them the stationary state

3

4da dar?
1230} — (123 _ ®3 ) § : plad)(*
poo (a) [p (O[)] 1_|_Tgo poo + 3(1+rgo) o (poo)(c)
+(1—4a) PU(p)s . (56)

As for two qubits, Lemma 2 holds in the present context, therefore

Jim lpras(0)] = (@),

5.2. Gaining entanglement by dissipation

We can enforce the protocol outlined in the previous Section and show its
properties by using the states (48).

We start by adding a totally depolarized third qubit to p(«), thus con-
structing the three—qubit states p123(a) in (55).

Then, the 3 qubits prepared in such a state are symmetrically coupled
to an environment giving rise to the dissipative time-evolution generated
by (10) with Kossakowski matrix (36).

After the three qubits have reached the stationary state p123(a) in (56),

the third qubit is eliminated thus leading to the two—qubit state

p2(a) = Trs (p2%(a))

o dar?, +3(1—4a)(1+1%)
— * * o0 o0 P
T2 Po@Pt 3(1+12)
2ar?, y y
m(l@pm—i—pm@l). (57)

One can thus compare the asymptotic entanglement content of the two—
qubit states p12(«) with respect to the states poo () in (49) when they are
not subjected to the protocol. We shall consider:

(1) the concurrence C(p32(a)) when C(pso(a)) = 0;
(2) the entanglement gain (50) after application of the protocol,

Arz(a) = Cpi(a)) = Clp(a))

when, without protocol, A(a) = C(peo(@)) — C(p(a)) < 0;
(3) the entanglement gain (50) after applying the protocol when, without
protocol, A(a) = C(ps(a)) — C(p(a)) > 0.

We show below three plots3? where the independent variables are the
parameters «, relative to the states in the chosen class and r,, determined
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by the environment. Concerning the first point above, the very much local-
ized peak in the firs graph shows that for a small subset of two—qubit states
p(a) and of symmetric environemnts, the protocol can indeed provide more
entanglement with respect to direct immersion.

Figure 4. C(pl2(a)) when C(poo(a)) =0

The benefits coming from the protocol are more clearly visible by con-
sidering the entanglement gain: the following two graphs exhibits the areas
where the difference A12(a)) — A(a) is positive in relations to points (2) and
(3) above.

Figure 5. Left: A12(a) when A(a) = 0. Right:A12(a) — A(a) when A(a) >0

6. Conclusions

We have considered the effects on quantum correlations that may arise from
the coupling of a bipartite system to suitably engineered environments. We
have showed that entanglement between two qubits can be generated by
purely dissipative means, can persist asymptotically and that, contrary to
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expectations, it can be produced at a rate larger than the entropy pro-
duction. Passing from two to three qubits, we have dicussed an interesting
scenario where appending a totally unpolarized qubit can improve on the
entanglement of two qubits when they evolve in a weakly and symmetri-
cally coupled environment. These analytical results have been obtained by
means of the available tools concerning the stationary states of quantum
dynamical semigroups.
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Constructing positive maps in matrix algebras
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We analyze several classes of positive maps in finite dimensional matrix
algebras. Such maps provide basic tools for studying quantum entanglement
in finite dimensional Hilbert spaces. Instead of presenting the most general
approach to the problem we concentrate on specific examples. We stress that
there is no general construction of positive maps. We show how to general-
ize well known maps in low dimensional algebras: Choi map in M3(C) and
Robertson map in M4 (C).

Keywords: matrix algebras; positive maps; entanglement witnesses.

1. Introduction

One of the most important problems of quantum information theory? is
the characterization of mixed states of composed quantum systems. In par-
ticular it is of primary importance to test whether a given quantum state
exhibits quantum correlation, i.e. whether it is separable or entangled. For
low-dimensional systems there exists simple necessary and sufficient con-
dition for separability. The celebrated Peres-Horodecki criterion®? states
that a state of a bipartite system living in C2 ® C? or C2 @ C? is separable
iff its partial transpose is positive. Unfortunately, for higher-dimensional
systems there is no single universal separability condition.

It turns out that the above problem may be reformulated in terms of
positive linear maps in operator algebras: a state p in H; ® Hy is sepa-
rable iff (id ® ¢)p is positive for any positive map ¢ which sends positive
operators on Hs into positive operators on H;. Therefore, a classification
of positive linear maps between operator algebras B(H;1) and B(Hs) is of
primary importance. Unfortunately, in spite of the considerable effort, the
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structure of positive maps is rather poorly understood. The mathematical
research was initiated by Stgrmer i Arverson®” the 60. and continued in
the 70. by Choi®Y and Woronowicz!? (see also®). An interesting contribu-
tion to the structure of positive maps was made also by Robertson'! who
provided new examples of positive maps in My(C). Recently, in connection
with quantum information problem of positive maps was intensively stud-

12,43 gee also

ied both by mathematicians and physicists (see recent papers,
the monograph by Paulsen*#). Positive maps play an important role both
in physics and mathematics providing generalization of *-homomorphisms,
Jordan homomorphisms and conditional expectations. Normalized positive
maps define affine mappings between sets of states of C*-algebras.

In this paper we restrict to the finite dimensional case. Clearly, one
may discuss much more general approach based on infinite dimensional
C*-algebras.** However, the difficult part of the problem is not the most
general approach since even for H; = Hs = C? the problem of constructing
positive maps is highly nontrivial. Therefore, instead of studying general
case we will work through examples.

2. Preliminaries
In this paper we restrict our analysis to linear maps
A My(C) — My(C), (1)

where M,(C) denotes a set of d x d complex matrices. Let My(C)™ be a
convex set of semi-positive elements in My(C), that is, My(C)™ defines a
space of (unnormalized) states of d-level quantum system. One calls A a
positive map if Aa € My(C)™ for any a € M4(C)*. Similarly, A is k-positive
if

A(k) =idr @A : Mp(C)® My(C) — Mi(C)® M4(C) (2)

is positive. Finally, A is completely positive (CP) if it is k-positive for all k.
Let Py, denotes a convex set of k-positive maps in M4(C). One has Py, C P,
for k > . Actually, due to the Choi theorem any d-positive map in M4(C) is
CP, and hence Pcp = Py4. Therefore, one has the following chain of proper
inclusions

Pcp CPg1C...CP1, (3)

where P; denotes a set of all positive maps in My(C).
Let “T” denotes a transposition map. One calls a linear map A k-
copositive if the map A o T is k-positive. Let P* denotes a convex set
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of k-copositive maps. One has
PP cpi-lc...cpt, (4)

where P! denotes a set of all copositive maps in My(C), and PC" stands
for a set of completely copositive maps (CcP). Let P} denotes a set of maps
which are [-positive and k-copositive. One has the following relations

PSECPilc...cPi. (5)
A positive map A € Py is called decomposable if
A=A+ Ay, (6)

where A; € Pcp and Ay € PCP. A map which is not decomposable is called
indecomposable. A positive map A € P; is called atomic if it cannot be
written as in (6), where A; € Py and Ay € P2. It is clear that each atomic
map is indecomposable but the converse is not true.

Since P; is a convex set it is fully characterised by its extreme elements.
Clearly a positive map A is extremal if for any ¥ € P, a map A — ¥ is not
positive. Finally, a positive map A is optimal if for any ¥ € Pcp, a map
A — U is not positive. It is evident that each extremal map is optimal but
the converse is not true.

3. The structure of entanglement witnesses

Consider a composite system living in C? ® C%. One calls a Hermitian op-
erator W : C¢® C? — C® C? an entanglement witness (EW) if

i) (WRW|Ype) >0 foral ®¢c ClxC

14) W is not positive, i.e., it has at least one strictly negative eigenvalue.
A linear operator in C?® C? satisfying i) is called block positive. Hence,
EW is a block positive operator which is not positive. There is a simple
relation between block positive operators and positive maps:*® W is block
positive if and only if

W= (ide®A)P; , (7)

for some positive map A in My(C). In the above formulae P, denotes a
canonical maximally entangled state in C?% ® C?

d
1
Pf= P Z €ij D €ij (8)
i,j=1
where {e1,...,eq} stands for an orthonormal basis in C¢® C?, and eij =

lei)(e;| denotes an orthonormal basis in My(C) (recall, that Mg(C) is a
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d?-dimensional complex Hilbert space equipped with the Hilbert-Schmidt
inner product (4, B) := Tr(AB")). In particular W is positive iff A is CP.

Now, for any density operator p € (Myq® My)* denote by SN(p) the
corresponding Schmidt number of p. Let us recall?® that for any normalized
positive operator p on H ® H one may define its Schmidt number

N(p) = min { mx SR() | )

Pk Yk

where the minimum is taken over all possible pure states decompositions

p= Z Dk | V) (k] (10)
%

with pr, > 0, >, pr = 1 and 1)}, are normalized vectors in H ® H. Let us
introduce the following family of positive cones:

V, = {pe (Ma®Ma)" | SN(p) <7} . (1)
One has the following chain of inclusions
V1C...CVdE(Md®Md)+. (12)

Clearly, V1 is a cone of separable (unnormalized) states and V; \ V] stands
for a set of entangled states. Note, that a partial transposition (id ®T)
gives rise to another family of cones:

Vi=(ideT)V,, (13)

such that V! C ... € V% One has V; = V!, together with the following
hierarchy of inclusions:

Vi=VinVcVonvVic...cvynve. (14)

Note, that V4NV is a convex set of PPT (unnormalized) states. Finally,
V, N'V® is a convex subset of PPT states p such that SN(p) < r and
SN(p%) < s.

Proposition 3.1.
Let A : My(C) — M4(C) be a linear map. A € Py, if and only if

([dA)V, CVy. (15)
A € P* if and only if
(ideA)VEcCV,. (16)
Finally, A € Plk if and only if
[deoM VNV cV,. (17)
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Let us denote by W a space of entanglement witnesses, i.e. a space of non-
positive Hermitian operators W € My ® My such that Tr(Wp) > 0 for all
p € V1. Define a family of subsets W, C My ® My:

W, ={WeMi@Mg| Tt(Wp) >0, peV,}. (18)
One calls an EW W from W, an »-EW. One has
(Md®Md)+EWdC...CW1. (19)

Clearly, W = W; ~\. Wy,. Moreover, for any k > [, entanglement witnesses
from W; \ Wy, can detect entangled states from Vi \ V, i.e. states p with
Schmidt number I < SN(p) < k. In particular W € Wy \ W1 can detect
state p with SN(p) = k.
Consider now the following class of witnesses
W =W, + (ideT)W, , (20)
that is, W € W iff
W=P+Q", (21)

with P € W,. and Q € W,. Note, that Tr(Wp) > 0 for all p € V,. NV*.
Hence such W can detect PPT states p such that SN(p) > r or SN(p') > s.
Entanglement witnesses from Wg are called decomposable.?” They cannot
detect PPT states. One has the following chain of inclusions:

Wic...cWicwi=w. (22)

The ‘weakest’ entanglement can be detected by elements from Wi \ W3.
We shall call them atomic entanglement witnesses.

4. Basic indecomposable maps in low dimensions

It is well known that all positive maps A : M2(C) — M3(C), A : M3(C) —
M3(C) and A : M3(C) — M,(C) are decomposable.*”

4.1. Choi map in M3(C)

The first example of an indecomposable positive linear map in M3(C) was
found by Choi.® The (normalized) Choi map reads as follows

3
Oolen) = Y Afes;
ij=1
1 . .
Pc(eij) = 5, 1 7, (23)
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where ||A8|| is the following doubly stochastic matrix:

L (110
Ag:5 011] . (24)
101

This map may be generalized as follows:'* for any a, b, c > 0 let us define

3
@[a,b,c](e“') = Z Al-jejj y

i,j=1
1 ) .
(I)[a7bac](eij) = _m eij , 1 3& J s (25)
with
1 abe
A= —— b | . 2

T a+b4c ca (26)

bca

Clearly, ®° = ®[1,1,0]. The map ®[1,0,z] with g > 1 is an example
of an indecomposable map introduced by Choi.? Now, it was shown'* that
®[a, b, c] is a positive map if and only if the following conditions are satisfied:
(i) 0<a<2,
(#9) a+b+c>2,
(4ii) if a < 1,then (1 —a)? < bc.
Moreover, ®[a, b, ¢] is indecomposable iff additionally

(iv) be < (2 —a)?/4.

Actually, ®[a,b, ¢] is indecomposable if and only if it is atomic, i.e. it can-
not be decomposed into the sum of 2-positive and 2-copositive maps. The
corresponding entanglement witness reads as follows

a - |- —=1-1.. -1
b -
.c.
1 ---C---..
- = | 1. N 92
Wla, b, c] CEE) a | ) (27)
b -
..-c
—1 —1- a
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where to maintain more transparent form we replace all zeros by dots. Note,
that ®[1,0,1] = ®%, where the dual map A# is defined by: Tr(AA#(B)) =
Tr(A(A)B) for any A, B € M3(C). Note, that ®[0,1,1] reproduces the
reduction map in M3(C).

4.2. Robertson map in M4(C)

Let us observe that Mk (C) = M2(C)® Mk(C) and hence any matrix
X € M3k (C) may be represented as follows

2
X=> en®Xp, (28)
k=1

where Xy € Mk (C). In what follows we shall use the following notation

Xn|X 12)
X = —’— , 29
(le Xoo (29)
to display the block structure of X. Robertson map*! in My(C) is defined
as follows:

o, <X11 X12) _1 ( I TrXp  |=[Xio +R2(X21)]) (30)
Xo1| X022 2\ —[Xo1 + Rz(Xlz)H I Tr Xy, ’

where Ry is a reduction map in M»(C)

Roy(X)=LTrX — X . (31)
The corresponding entanglement witness reads as follows
. |
1 . - =1
1 - 1
1] - .1
1 =1
1 1
Wgr == 2
R=3 — I (32)
~1]. - 1
-1 .1
. 1 - 1
-1 1
—1 .1
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Note, that W has single negative eigenvalue ‘—1/4’, ‘0’ (with multiplicity
10) and ‘+1/4’ (with multiplicity 5).

5. Indecomposable maps in M4(C) — generalized Choi maps

In this section we provide several examples of positive maps in M4(C) which
generalize Choi map in M3(C).

Example 5.1.
The Choi map in Ms(C) may be generalized to a positive map in Mq(C)
as follows:'® let S be a unitary shift defined by:

Sei:€i+1, 7;:17...,d,

where the indices are understood mod d. One defines

k
Tap(X) = (d=k)e(X)+>_ e(S'XS*) =X, k=0,1,2,...,d—1, (33)

i=1

where €(X) denotes the following projector

d
E(X) = Zekaekk .
k=1

The map 14,0 defined is completely positive and the map 74.q4—1 reproduces
the reduction map in My(C) (and hence it is completely copositive). Note
that 74,1 (1g) = (d—1)14, and Trrq,x(X) = (d—1)Tr X, hence the normalized
maps

1
d—1

Oy r(X) = Tak(X) , (34)

are doubly stochastic. In particular ®[1,0,1] = &3 ;.

Example 5.2. A class of maps ¢p parameterized by d + 1 parameters
P= (p07p17 s 7pd)"

‘Pp(en) = po€11 + Pdedd ,

@p(e22) = poezz + prenr

¢p(edd) = Po€dd + Pd—1€d—1,d—1 ;

ppleij) = —€ij , i#] .
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It was shown'>1? that if
a) Piy...,pa >0,
b) d—1>py>d—2,
¢) pre...opa>(d—1—po)*,
then @y is a positive indecomposable map. Actually, pp is atomic, i.e. it

cannot be decomposed into the sum of a 2-positive and 2-copositive maps.
In particular the corresponding EW for d = 3 reads as follows

po - |- -1 - —1
" P3| -
, - g N P
W o 1. .. q- =11 . (36
Po,P1,P2,P3 3p0+p1+p2+p3 o . p-o . ( )
* P2
-1 -] =1 - po

In particular if p1 = p2 = p3 = ¢, then Wy, py pa.ps = Wpo, 0, cl.

Example 5.3. Consider now a class of doubly stochastic matrices ||A;j||
satisfying

d 1 ) 1— A2
k=1

with A € [0,1]. Note, that for d = 2 and A\ = 1 the 2 x 2 matriz ||Asjl| is
orthogonal.
One proves the following34

Proposition 5.1. A linear map in My(C)

d
plew) =) Aijej;
j=1
1 . .
plei) = —o—eij, 1#7, (38)
with ||A;;|| being a doubly stochastic matriz satisfying (87) is positive.
For example if d = 3 and ||A;j|| is defined by

Qo 01 Q2
Aij = Qo O 01 s (39)
aq Qg Qo
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with ag + a1 + ag = 1, then conditions (37) imply
1
ag + a% + a% = 3

Note that taking cg = a1 = 1/2 and as = 0 one reproduces the Choi map.
Interestingly, one has the following result4

Theorem 5.1. Let ¢ : Mg — My be a positive map defined by (38) with
a doubly stochastic matriz ||Asj|| satisfying (37). Suppose that a matriz
[|Aij|| is circulant, i.e.

Qg 1 02 ... 0g—1
ag—1 O 1 ... Og—2
Aij = L ) , (40)
a1 Qo 3 ... QO

with a; >0, and ag + a1 + ...+ aqg—1 = 1. Then ¢ is indecomposable if :
i) for d =2k + 1 one of the following two conditions is satisfied

1) ar+...+ar >0
a1+ . g F gy .+ oo

2) O[1+...+O[k:0
1>a0>0

)

ii) for d = 2k one of the following two conditions is satisfied

1) {041—|—...—|-0ék_1>0
Oél+...+0ék_1;éOék_;,_l-f—...-f—O[Qk_l

2) a1+ ...+ta_1=0
1>a0+ar >0

This example shows how to produce ‘quantum’ positive map in M4(C) out
of ‘classical’ positive map defined by a doubly stochastic matriz ||A;;||. We
stress, that a ‘classical’ map is necessarily CP but the ‘quantum’ one is not.
Moreover, the ‘quantum’ counterpart is indecomposable.

6. Positive maps from spectral conditions

Any entanglement witness W can be represented as a difference W =
W, —W_, where both W, and W_ are semi-positive operators in C?® C?.
However, there is no general method to recognize that W defined by
W, — W_ is indeed an EW. One particular method based on spectral
properties of W was presented in.?® Let 1, (o = 1,...,D = d?) be an
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orthonormal basis in C? ® C? and denote by P, the corresponding projec-

tor Py = o) (o] Tt leads therefore to the following spectral resolution of
identity

D
Ig®TIa=> P . (41)
a=1

Having defined eigenvectors of W one needs the corresponding eigenvalues:
let

and
AM>0, a=L+1,...,D,
that is,
L D
W_o==> AP, Wy= > MP..
a=1 a=L+1

Our problem is to find the condition for the spectrum {A;, A1} which
guarantees that W is block positive. Consider a normalized vector ¢ €
Cl®C? and let

s1() > ... > sa(¥) ,

denote its Schmidt coefficients. For any 1 < k < d one defines k-norm of v
by the following formula

k
141l = ZS?W - (42)

It is clear that

[l <[l < ... < {l#lla - (43)

Note that ||¢||1 gives the maximal Schmidt coefficient of 1, whereas due
to the normalization, |[¢||2 = (¢|¢) = 1. In particular, if ¥ is maximally
entangled then

k
2 - 44
iz = = (4
Equivalently one may define k-norm of v by
1% = mgX|<¢|¢>|2 ; (45)
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where the maximum runs over all normalized vectors ¢ such that SR(¢)) < k
(such ¢ is usually called k-separable). Recall that a Schmidt rank of ¢ —
SR(¢) — is the number of non-vanishing Schmidt coefficients of 1. One
calls entanglement witness W a k-EW if (¢|W|¢) > 0 for all ¢ such that
SR(¥) < k. One has the the following

Theorem 6.1. Let 25:1 [[Yall? < 1. If the following spectral conditions
are satisfied

AP >up, a=L+1,...,D, (46)
where
L - 2
A e
L = Za-l'L |||¢ ||§ , (47)
1- Za:l ||wa||£
then W is an k-EW. If moreover 25:1 [[allfyy <1 and
i1 > A, a=L+1,...,D, (48)

then W being k-EW is not (k+ 1)-EW.

For the proof see Ref.38

Remark 6.1. If P, is the mazimally entangled state in C* @ C?, i.e. F =
U/V/d with unitary U, then the above theorem reproduces 25 years old result
by Takasaki and Tomiyama.?*4 For k = 1 and arbitrary P, the formula
AP >y (a=2,...,d*) was derived by Benatti et. al.*®

Interestingly, one has the following
Theorem 6.2. W =W, — W_ is a decomposable EW.

The proof is easy®”: note that W = A + B, where

D
A= " (A —m)Pa, (49)
a=L+1
and
L
B=pmlg®ls— > (IA;|+p1)Pa . (50)
a=1

Now, since AT > puy, for« = L+1,..., D, it is clear that A > 0. The partial
transposition of B reads as follows
L

B" = mla®ls— > (Ag|+pm)Py . (51)

a=1
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Let us recall that the spectrum of the partial transposition of rank-1 pro-
jector |) (9| is well know: the nonvanishing eigenvalues of [1)(1)|" are given
by s2(¢) and +s4()sg(1), where s1(1) > ... > sq(¢) are Schmidt coeffi-
cients of 1). Therefore, the smallest eigenvalue of B (call it by,;,) satisfies

L
bin > 1 — Y (1AL + p)l[all} (52)

a=1

and using the definition of p; (cf. Eq. (47)) one gets
bmin > 0, (53)
which implies BT > 0. Hence, the entanglement witness W is decomposable.
Remark 6.2. Interestingly, saturating the bound (46), i.e. taking
AN=m, a=L+1,....D, (54)

one has A =0 and hence W = Q' with Q = BY > 0 which shows that the
corresponding positive map A : Myg(C) — M4(C) defined by

AX)=Tr,(W-XT®ly) , (55)
is completely co-positive, i.e. A o T is completely positive. Note that
L
AX) =l Tr X = (1 + [Xa|)FuXF] (56)
a=1

where F,, is a linear operator F, : C¢ — C¢ defined by

d
¢azzei®Faei y (57)

i=1
and {e1,...,eq} denotes an orthonormal basis in C?. In particular, if L = 1,

i.e. there is only one negative eigenvalue, then formula (56) (up to trivial
rescaling) gives

AX) =kl T X — B XF] (58)
with
M1 2
W 1] 17 (59)

It reproduces a positive map (or equivalently an EW W = k@14 — P1)
which is known to be completely co-positive.??3%39 If )1 is mazimally en-
tangled, that is, Fi = U/\d for some unitary U € U(d), then one finds
for k = 1/d and the map (58) is unitary equivalent to the reduction map
AX) =UR(X)UT, where Ry(X) = I;TrX — X.
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Example 6.1. Consider an EW corresponding to the flip operator ind = 2:

(60)

Its spectral decomposition has the following form: W_ = |A] | Py
A=A =0 =0 =1,
and

Uy = (|12> 21)) ,

%\

Po = (|12>+|21>)
¢3_ 11>7 4 = |22>

One finds py = 1 and hence condition (46) is trivially satisfied N} > uy for
a = 2,3,4. We stress that our construction does not recover flip operator
ind > 2. It has d(d — 1)/2 negative eigenvalues. Our construction leads to
at most d — 1 negative eigenvalues.

%\

Example 6.2. Entanglement witness corresponding to the reduction map:
AN =1-d, XN =...=2)=1,
and
W_=(Wd-1)Pf, Wy=Lel,-P, (61)

where P;‘ denotes mazximally entangled state in C?*® C?. Again, one finds
w1 = 1 and hence condition (46) is trivially satisfied XY > p1 for o =

2,...,D. Now, since 11 corresponds to the mazximally entangled state one
has 1 — ||¢1]|3 = (d — 2)/d < 1. Hence, condition (48)
d—2
M2:2ﬁ>)\i, 06227...,D, (62)

implies that W is not a 2-EW.

Example 6.3. A family Wla,b,c| (see (36)). The spectral properties of
Wla,b,c] = Wy — W_ read as follows: W_ = —\{ Py" and

AN =a—2, \J =)\ =a+1,

AN =M =M=b, M=X=X\=c.
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One finds pu1 = (2 — a)/2 and hence condition (46) implies
2—-a

>0, bec>
a0, bez—

(63)
It gives therefore
a+b+c>2, (64)

and one easily shows that the conditions 3 is also satisfied. Summarizing:
Wla, b, c] belongs to our spectral class if and only if

(1) 0<a <2,
(2) b,c>(2—a)/2.
Note that the Choi witness W[1,1,0] does not belong to this class. It is

clear since W[1,1,0] is indecomposable. It was shown'* that Wa,b,c] is
decomposable if and only if a > 0 and

N2
662(2 a).

(65)

Hence Wla, b, c| from our spectral class is always decomposable. In partic-
ular W[0,1,1] reproduces the EW corresponding to the reduction map in
d = 3. Note, that there are entanglement witnesses Wla, b, c|] which are de-
composable, i.e. satisfy (65), but do not belong to or spectral class. Similarly
one can check when Wla,b,c| defines 2-EW. One finds po = 2(2 — a) and
hence condition (46) implies

(1) 1<a<?2,
(2) b,c>2(2—a).

Clearly, any 2-EW from our class is necessarily decomposable. It was
shown# that all 2-EW from the class Wla, b, c] are decomposable.

7. Bell-diagonal entanglement witnesses

Let us define a generalized Bell states* in C? @ C¢
Ymn = (La ® Unn ¥ (66)
where U,,, are unitary matrices defined as follows
Unner = Nep i (67)
with
A= e2mi/d (68)
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The matrices U,,, define an orthonormal basis in the space My(C) of com-
plex d x d matrices. One easily shows

Some authors?” call U,,, generalized spin matrices since for d = 2 they
reproduce standard Pauli matrices:

Uopo =1z, Upn =01, Ug =102, U1 =03 . (70)
One calls a Hermitian operator W in M4(C) ® Mg(C) Bell diagonal if

d—1
m,n=0
with ppn € R, and
Pmn - |1/)mn><¢mn| . (72)

Example 7.1. Consider the flip operator in d = 2. One has
F=PFPy+ P+ P — P11, (73)

which proves that F is Bell diagonal and possesses single negative eigen-
value.

Example 7.2. Consider a family W{a, b, ¢]. One finds the following spec-
tral representation

W[CL b, C] = ((l — 2)P00 + (a + ]-)(PIO + Pgo) + bIl; + clly (74)
where
H7n:P0m+P1m+P2ma (75)

which shows that W{a, b, ] is Bell diagonal with a single negative eigenvalue
‘a — 2.

Example 7.3. Entanglement witness corresponding to the reduction map
A(X) =1ITrX — X in My(C). One has

1
WZ—Hd®]Id—P;_=

Py — P,
pi %kt — Poo (76)

which shows that W is Bell diagonal with a single negative eigenvalue (1 —

d)/d.
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Corollary 7.1. If L < d and
M>w, a=L,....d -1, (77)

with g = ﬁZi;é AL ], then W = W, — W_ defines Bell diagonal
entanglement witness.

8. Indecomposable maps in My (C)

Following?! and3® (see®® for the connection between Robertson map and
Breuer-Hall maps) one defines
1
() = 5y [Ba(X) ~UXTUT] (78)
where U is an antisymmetric unitary matrix in Mo (C). The above nor-
malization guaranties that 5 is unital. The characteristic feature of these
maps is that for any rank-1 projector P its image under <p2U,€ reads as follows:
1
U

P) = 7{11 P } , 79
P4(P) = gy [~ P Q (79)
where @ = UPTUT is a rank-1 projector orthogonal to P. Hence (5 (P)
is a projector which proves positivity of <p2Uk. Denote by Uy the following

“canonical” antisymmetric unitary matrix in Ms(C)

Uy=1L®J, (80)
where J is a symplectic matrix in M3(R), that is,
01
=(51) -
Note, that if V' € Ms,(R) is orthogonal then
U=VU V", (82)

is antisymmetric and unitary. Interestingly, the map ¢9, corresponding to
U = Uj has the following block structure
X1 | Xio| | Xk
o | Xz Xoa|- | Xok
P2k ] = (83)
Xk1| Xk2| | Xk

I(TrX —TrX11) |—(Xi2+Ro(Xo1))| - | = (X1 + Ro (X))
1 —(Xo1+R2(X12)) | Lp(TrX —TrXas) |- -|—(Xokp+Ro(Xk2))

)

X (00— (ot Fa ()| (X — o)
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and hence it reduces for & = 2 to the Robertson map (30).

In the recent paper?® we proposed another construction of maps in
My, (C). Now, instead of treating a 2k X 2k matrix X as a k X k matrix
with 2 x 2 blocks X;; we consider alternative possibility, i.e. we consider X
as a 2 X 2 with k x k blocks and define

Do <X11 X12) _ 1 ( I TrXoo |—[X12 + Rk(X21)]> (84)
Xo1|X22 k\ —[Xa1 + Re(X12)]| I TrX11 '
Again, normalization factor guaranties that the map is unital, i.e.
Yo (Io @ 1)) = 1o @I It is clear that for k = 2 one has
s = ¢ . (85)

Theorem 8.1. Wy defines a linear positive map in Moy (C).

Proof: it is enough to show that each rank-1 projector P is mapped via
thay into a positive element in Moy (C), that is, ¢ox(P) > 0. Let P = [¢) ()|
with arbitrary ¢ from C?*. Now, due to C2* = C* @ CF one has

V=11 DY2, (86)
with 11,2 € C* and hence

(XX |¢1><¢1|||¢1><¢2|
P= (Xm Xm) - <|¢2><¢1|||¢2><w2|> ' (87)

One has therefore

(88)

1(]IkTrX22| —-A )
k

Wop(P) = =
2+(P) AT L X,
where the linear operator A : C¥ — CF reads as follows

A = [h1) (2| = [2) (1| + (W1 |tp2) T (89)

Let (¢;|¢;) = a? > 0 (if one of a; vanishes then evidently one has W9, (P) >
0). Defining

Hkagl O
L=vVk
f( o Hka;1> : (90)
one finds
I, |-A
LUy, (P)LT = , 91
with

A= [01) (2] — |2) (1] + (1] 2) I, (92)
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and normalized 1’;]‘ = 1j/a;. Hence, to show that Wor(P) > 0 one needs to

prove
(%) >0, (93)

for arbitrary ¢; # 0. Now, the above condition is equivalent to
AAT <1, . (94)

Vectors {11,12} span 2-dimensional subspace in C* and let {e1,e2} be a
2-dim. orthonormal basis such that 11 = e; and

Py = ePsey +cen (95)
with s = sina, ¢ = cosa for some angle a. Now, completing the basis
{e1,ea,€3,...,ex} in CF one easily finds that the matrix elements of A has
a form of the following direct sum

A (081 ¢ g eming (96)
U —c |ePs b2
Hence
AVAVT =L & 82]1]@,2 , (97)
which proves (94) since all eigenvalues of AAT — {1,1,s2,...,s2} — are
bounded by 1. O

Proposition 8.1. Yo, defines an atomic positive map.

Proof: in order to prove that W5, is atomic one has to define a PPT state
D5y, such that Schmidt rank of Dy and of its partial transposition ng
is bounded by 2 and show that Tr(WaorDsor) < 0. Let us introduce the
following family of product vectors

pr=e1®er, Ppr=e1@ert1, ¢z=ep@er, d1=eL@eay ,
and
s =epr1@€1, P6=e€pt1Q€kt1, P7=e€pt1 Qe .
Define now the following positive operator
Dgy, = ;(|¢1 + ¢6)(P1 + d6| + (95 — Da)(P5 — P4l
+ 162) (2] + |63) (0] + 67 (0] ) - (98)
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One easily finds for its partial transposition
Dy, = %(|¢2 + ¢5)(d2 + ¢5| + |93 — d7) (3 — ¢7]
+ 161) (1] + 164) (1] + 166) (G ) - (99)

Now, it is clear from that both Dy and ng are constructed out of rank-1
projectors and Schmidt rank of each projector is 1 or 2. Therefore

SN(Dar) <2, SN(D§,) <2.

Finally, one finds for the trace

1
T Dop) = —— 1
r(War Dar) o (100)
which shows that Wy defines atomic entanglement witness. O

9. Conclusions

We analyzed several classes of positive maps in My(C). In particular we
show how to generalize well known indecomposable maps in M3(C) (Choi
map) and M4(C) (Robertson map) for higher dimensions. Interestingly, we
are able to construct new classes of indecomposable positive maps in M4(C)
for arbitrary d > 3. We stress that the general problem of constructing
positive maps in My(C) (even for d = 3) is still open.
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1. Introduction

The aim of this note is to present a number of ideas and questions related
to the construction of quantum processes. For technical convenience we
restrict ourselves to systems with a finite configuration space in a classical
context or with d accessible levels in the quantum.

A reversible dynamics of such an isolated system is rather boring: a finite
classical configuration space only supports jumps in discrete time while the
evolution of a finite level quantum systems is almost periodic in time

A = Z et A(w)

Here, the summation runs over the Bohr frequencies of the system, i.e., the
spacings between the energy levels of the Hamiltonian and the fl(w) are
the Fourier coefficients of the observable A.

The evolution of systems weakly perturbed by an environment can be
reasonably described by a stochastic dynamics, even by a stochastic map I'
if we only observe the system at regular time intervals. Such maps will typ-
ically turn pure states into mixed states, a clear signature of their random-
izing character. In the classical context we deal with matrices of transition
probabilities and in the quantum setting with completely positive trace pre-
serving maps. Repeated action of the map on the states yields a dynamics
{I'" | n € N}, Markovian in time. A generic I' has a unique invariant state
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po into which any initial state is driven
'™ (initial state) "—3 po.

Several figures of merit can be defined for this kind of evolution. Two
well-known ones are the spectral gap v of I' that controls the asymptotic
rate of convergence towards the invariant state

IT"(p) — poll ~ (L —=v)", n large

and the minimal output entropy

H™IN(T) .= min({H(I‘(p)) | P state}).

Here H denotes either the Shannon entropy of a probability vector or the
von Neumann entropy of a density matrix.

A stochastic process in discrete time is a different object: it specifies
joint probabilities at different times. More precisely such a process is a
state w on a half-chain IN. At each site of this chain sits a copy of our
classical configuration space or of the quantum d-level system. We assume,
moreover, that the chain is stationary: the state w is invariant under a right
shift.

In the classical case the process models a source that is emitting
every time unit a letter belonging to the alphabet {ei,ez,...,€e4}. The
state w specifies the probability that the source emits a given word. Let
(€(0),€(1),€(2),...) be arandom letter string emitted by the source at times
t=0,1,2,... then

Prob(e(O) =g &e(l)=6a & ... &e(n) = en) = w(ep,€1,...,€n).

In the quantum context, the restriction of w to the first n sites of the
chain is a density matrix on ®”My. This density matrix encodes all the
statistical information that can be obtained by applying repeated measure-
ments on a sequence of n particles emitted by the source.

The amount of randomness in the process up to time n is quantified by
the entropy

H, = H("-’{O,l,...,n})'

For stationary processes H,, satisfies sub-additivity H,,+» < H;, +H,,. This
implies the existence of the average entropy

H. (1)

— | 1
"=
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The quantity h is also known as the dynamical entropy of the shift on the
half-chain, it takes values in [0, log d]. It is a relevant measure of the random-
ness of the source as, under suitable ergodicity conditions on w, length-n
messages can be reliably encoded in a subspace of dimension exp(nh) in-
stead of d".

Using strong sub-additivity, Hy4m4n+Hpm < Hepm+Hpnan, more can be
proven: the local entropy n +— H,, is increasing, while the entropy increment
n— (Hn — Hn_l) is decreasing. Both properties fail for general non shift-
invariant quantum states. As a consequence

h= lim (Hn — Hn,l). (2)

n—oo

This means that h is not only the compression rate of long messages but
also the asymptotic entropy production of the source. The importance of (2)
is that it can be used as a starting point for computing h. This hap-
pens for some Markov-like constructions where a simple transfer matrix-
like construction generates the n-steps marginal of w from the (n — 1)-th.
E.g., Blackwell' describes a procedure for computing the entropy of hidden
Markov processes and we shall show that an analogous procedure applies
to free Fermionic processes.

There are several routes that lead to classical Markov processes, like
extending two-party states or generating the process in terms of a stochastic
matrix. We remind here a number of problems and results that arise in
this context with quantum processes. We also present a general scheme
for generating quantum processes in terms of a quantum operation on a d-
level system. Several examples are considered, in particular a free Fermionic
version.

2. Classical Markov Processes

The configuration space of a classical register with d states is just a finite
set @ ={1,2,...,d}. The states are length-d probability vectors

p={p(1), 1(2), . pl(d)}, ple) =0, Y p(e) = 1.

The state space is a simplex and the extreme points are the Dirac measures
that assign a probability 1 to a configuration. The Shannon entropy

H(w) == — 3 ple) log p(e)
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quantifies the randomness in the state. It is easily seen that H is a concave
function on the state space:

H(Apy + Aapeg) > A H(py) + A2 H(ps), Ai >0, A1+ A2 =1

Restricting a state p,4 on a composite system Q19 = Q; x 2 to the
subsystem ; returns the first marginal of pu

My (€1) == Z His(€1, €2).

The Shannon entropy behaves well with respect to restrictions:

e monotonicity: H(p;) < H(ptqy),
e sub-additivity: H(g15) < H(p1) + H(u,), and
e strong sub-additivity: H(pey93) + H(py) < H(peyp) + H(ptgs).

We can now consider the following state extension problem. Suppose
that we are given two probability vectors p;5 and vo3 that agree on the
middle system: p, = v9. Can we find a joint extension for p,, and vo3?
More explicitly: can we find a state £;53 on {2123 that restricts to g
on Q12 and to vo3 on 937 This is indeed possible and clearly the set of
joint extensions &;45 is convex and compact. We can therefore refine the
question and ask for a joint extension of maximal entropy. A straightforward
computation yields the answer:

Hig(€1,€2) Vag(ea, €3)  pya(en, €2) Vaz(ea, €3)
€1,€9,€3) 1= = . 3
p123( 1,¢€2 3) HQ(GQ) VQ(EQ) ( )

Actually, p;45 saturates the strong sub-additivity inequality:

H(p123) + H(p2) = H(p12) + H(pas)-

Unsurprisingly, there is a direct connection with thermal equilibrium states.
If we introduce Hamiltonians

—h —h —h
Hig =€ "%, oz =e ", and py =vy =e 7,

then

Pros = e~ (hi2+haz—ha)

Let us start with a two-party probability vector w that is shift-invariant:

Z (e, e2) = Zu(el, €) for all e. (4)
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We can repeatedly apply the Markov extension procedure (3) to get a sta-
tionary process
p(eo, 1) pler, €2) -+ p(€n—1,€n) 5)
ple)ples) — plen1)
Another procedure is to start with a d x d stochastic matrix 7. The
entry T, ., is the probability for jumping from state €; to ez, therefore

Toe, 20 and Y Tepe, = 1. (6)

€2

w(€n, €1, .-, €n) =

The invariant state p is a row vector determined by u 7T = p. The Markov
process is now obtained by putting
W(EQ, €1y... 7€n) = [L(EQ) T€0€1 T TEn—lﬁn' (7)
Both constructions (5) and (7) agree if we put
p(er, €2)
m(er)

The rows of a stochastic matrix T are probability vectors. The minimal
output entropy of T is simply

T€162 -

H™in(T") = smallest entropy of rows of T'
while the entropy of the process is a smooth version of this quantity

h = p-average of entropies of rows of T'.

3. Extending Quantum States

When turning to quantum state extension the situation gets more compli-
cated. Quantum states allow for more freedom, as they exhibit correlations
that are not present in classical systems, but this imposes at the same time
more stringent positivity conditions.

States on a full matrix algebra M can be identified with density ma-
trices: non-negative matrices with trace one. The convex set of density
matrices is very unlike a simplex. A density matrix that is not an extreme
point of the state space, i.e., that is not a one-dimensional projector, allows
many decompositions in extreme states. In contrast with classical systems
such a state can therefore not be seen as a well-defined ensemble op pure
states. We need d? — 1 real parameters to describe the state space of Mgy
while 2d — 2 parameters suffice to label the pure states. This means that the
boundary of the state space contains many flat subsets. Nevertheless the
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pure states form a very nice smooth manifold. The case of a single qubit is
exceptional: its state space is affinely isomorphic to the Bloch ball by the
standard parametrization

p=1(1+x-0), xR, x| <1. (8)

In this case, every point of the boundary is also an extreme point. For higher
d, a smooth parametrization of the pure states does not define a boundary
of a convex set.

For a composite system, restricting to a sub-system amounts to taking
partial traces over remaining parties

p1 := Tra p12.

The entropy of a state with density matrix p is given by the von Neumann
entropy

H(p) = —Trplogp.

However, already the most basic property of the Shannon entropy, mono-
tonicity, does not carry over. Consider for example the maximally entan-
gled two-qubit state |®@T)(®F| with |®F) = (]00) + |11))/v/2. Tts entropy
H(|®*)(®T]) is zero as it is a pure state, while its restriction p; is the max-
imally mixed state, which has maximal entropy, so clearly H(p1) £ H(p12).

An important property that holds both for classical and quantum sys-
tems is that if the marginal p; of a bipartite state is pure then p12 = p1 ® p2.
This is an important ingredient of the theory: it namely allows to isolate a
system from the rest of the universe. At the same time it is also a severe
constraint on quantum systems because there are plenty of pure states of a
composite system. In particular the restriction of an entangled pure state
can never be pure and we can therefore not separate a party of an entangled
system from the outside world, which is more or less what goes wrong with
the locality assumption in the EPR paradox.

Factorisation of extensions of pure states has also a bearing on joint
extensions of states as considered in the previous section.? Indeed, suppose
that p12 and pos are pure and agree on the middle system, which is easily
feasible, then a joint extension pios can only exist for pi1o and pa3 pure
product states. Therefore a generic pure two-party state with inner shift-
invariance as in (4) cannot be extended.

Suppose that density matrices p12 and g93 agree on the middle system
and can be jointly extended. The set of extensions is still convex and com-
pact and so we can still look for the maximal entropy extension. Finding
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this state is hard, however, because generally

[p12® 13, 11 ® 023] # 0

or, equivalently, if p12 and o093 are equilibrium states corresponding to
Hamiltonians h1o and hs3

Trs exp(h12 + h23) % exp(hlz + hg).

Moreover, the maximal entropy extension will not saturate the strong sub-
additivity.

Actually, a nice characterisation of equality in strong sub-additivity for a
state p123 on a space Hi ® Ha ® Hs in terms of decompositions of the middle
space has been obtained in the paper by Hayden et al.?. The necessary and
sufficient condition is that the middle Hilbert space Ho decomposes as

Ho = D Higg, ® Hilgne and pi2z = D A piy @ p53

with {A\o} convex weights.

A Qubit Example with SU(2)-symmetry

An example of the limitations imposed on quantum state extensions can be
worked out for qubits with a SU(2)-symmetry. In order to impose SU(2)-
symmetry on single qubit observables we use the adjoint representation of
SU(2)

Ad(U): A UAU*, U eSU©2), A€ M.

This is a reducible representation that decomposes into a spin 0 and a spin
1 irrep:

Moy =Clo Co.

The only SU(2)-invariant state on My is the uniform state

For 2 qubits Ad(U ® U) decomposes into 2 spin 0, 3 spin 1 and 1 spin
2 irrep. There exists now a one-parameter family of SU(2)-invariant states

p=1(1-N1-p)+Ap, 0<A<L

Here p is the projector on the singlet vector % (J10) — |01)) in C? ® C2.
This projector commutes with every unitary of the form U ® U and every



66 M. Fannes & J. Wouters

two-qubit observable that is SU(2)-invariant is a linear combination of p
and 1. Clearly, SU(2)-invariant two-qubit states satisfy

0<(p)=Ar<1l

The two-qubit state p is separable for 0 < A < 1 and entangled for 1 <

A < 1. Hence the expectation value of this projector for a certain process
tells us how much bipartite entanglement between two neighbouring spins
is attainable.

For 3 qubits the SU(2)-invariant states can still easily be determined
but things become more complicated with increasing number of parties.
Let

pP1=pP®1 and po =1®p and put
q =% (p1+p2— PiP2 — P2P1)-

The algebra of three-qubit observables that are SU(2)-invariant is not
Abelian. It can be decomposed into a direct sum of € and Mo where
C is identified with Cq and M with the algebra generated by p; and pa,
not including 1. An SU(2)-invariant three-qubit state is of the form

p:%(l_)‘)(]l _Q)+)\(apl+bP2+C]PlIP2 +E]p2]p1)
with
0<A<1, a,b€R, c€C, 2a+2b+Re(c) =1, and |c|*> < 4ab.

If we look for a SU(2)-invariant three-party state with partial shift-
invariance, then we find the following constraint on the expectation of p

0 <(p1) = (p2) < 3/4. 9)

SU(2) and shift-invariant states on more parties will satisfy stronger
upper bounds on the expectations of p, see (9). Ultimately, if we look
for a shift-invariant extension on the full half-chain then, using the Bethe
Ansatz?*, one can show that

0 < {(p) <log2~ 0.69. (10)

We may look for the largest expectation value of p that can be obtained
within classes of shift-invariant states that can easily be handled. Consider
as a first example point-wise limits of shift-invariant product states. Such
states are actually invariant under arbitrary finite permutations of sites
on the half-chain and are usually called exchangeable. Using the Bloch
parametrization (8) and

]p:i(]l—al-ag) with 01 =oc®landoy=1®0c
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we have to maximize
x€R?— L Tr[(1+x-01)(1+x-02) (1 —01-02)]

subject to the constraint ||x|| < 1. It is easily seen that the maximum is

reached for x = 0 for which value (p) = 1. Hence

(p) < % for exchangeable states. (11)

The largest expectation for p that can be reached within the class of
product states is

max(ll_6 Te[(1+ %1 - 01) (1 + %2 - 09) (1 — oy .ag)})

subject to the constraint [|xq |, ||x2|| < 1. The maximum 3 is attained for
X; = —X3 = x where x € R? is an arbitrary vector of length 1. Therefore

(p) < § for separable states.

Moreover, this maximum is attained for shift-invariant separable states that
are equal weight mixtures of period-2 product states

3 leo)(eol@ler)(e1|®@|eo) (o @ -+ lex)(e1|®]eo) (eol @]er)(er|®- -+, (12)
where {eg, e1} is any orthonormal basis in C?. Hence
(p) < § for shift-invariant separable states

is an optimal upper bound. States of the form (12) are extreme shift-
invariant states which allow a convex decomposition in clustering period-2
states. This is called Néel order of period 2. The value % for shift-invariant
separable states is still not close to the maximum value of log2. One can
get closer by constructing more general quantum processes.

4. Constructing Processes

We now turn to the construction of classical and quantum processes using as
initial data a unity preserving CP map I' : My — My with invariant state
p. In the classical case this reduces to a stochastic matrix T with invariant
measure p. The construction is based on finitely correlated states®, also
called matrix product states. These are processes for which the correlations
across any link can be modelled by a finite dimensional vector space. These
states are more general than the ones we have considered until now and are
easily constructible in the thermodynamic limit, unlike the Bethe Ansatz
states. The finitely correlated states where e.g. used in the lectures by
J. Eisert under the form of tensor networks. Actually pure states have
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been considered there as these lectures were focusing on ground states. We
present here a different version that is adapted to mixed states.

The starting point is a unity preserving completely positive (UPCP)
map

A Mg Mg— My
that is compatible with the given I' in the following sense
AMARL)=A(1® A) =T(A), Ae M,. (13)

A process w is now generated by repeatedly contracting the local observ-
ables on the half-chain. Consider a sequence of UPCP maps

AO = A Mg Mg — My
AW = Ao (A®id) : My ® (Mg ® My) — Mg

A = Ao (AP Vg id) : Mg® (Mg® - @ Mg) — M.
———
(n + 1) times

The expectation of a local observable A,, € ®{.M, is then computed as
w(A,) = Tr{pA(”)(]l ®An)}. (15)

To define a stationary process, (15) must satisfy a number of re-
quirements. The definition should be consistent in the first place, namely
w(A, ® 1) = w(Ay). This follows from the compatibility (13) and the
invariance of p:

w4, ®1)=Tr{p ("+1)(11®An®]l)}

{ra

:Tr{p( o(A(")®id))(]l®An®]l)}
{ra
{

= Tr{p A1 An)}

= w(A,).
Next, we need positivity. This follows immediately from the complete pos-
itivity of A. The compatibility condition implies that A maps the identity

on C? ® €C¢ to the identity on €?. This implies the normalization and
stationarity of w.
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It is important to observe that compatibility (13) imposes a severe re-
striction on I'. Not every UPCP transformation I' of M, admits a com-
patible extension. Moreover, the compatible extensions of I', whenever such
extensions exist, form a compact and convex set and one may wonder about
particular extensions. We now turn to some classes of examples.

4.1. Hidden Markov Processes

A classical observable, i.e., a R-valued function f on configuration
space @ = {1,2,...,d} is naturally tabulated into a vector f =

(f(), f(2),..., f(d))T € R? and identified with a diagonal matrix in Mg
through the map

dia(f) =) f(e) [e)(el.

The relation between a (completely) positive transformation I' of My and
a stochastic d x d matrix is then

I (dia(f)) = dia(T'f).

This allows to rewrite the compatibility equation (13): a stochastic matrix
S :RY® R — R? is compatible with a stochastic matrix 7 : R¢ — R if

D Seiee = S0 = Toer ¥ pse
€2 €1
Let us introduce d square matrices of dimension d with non-negative entries

E(e)wm = 5907(7776)'
The process generated by S is then seen to be

w(e, €1,...,6n) = (, E(eo)E(e1) - E(en)1),

where 1 € R? has all its entries equal to one and g is the invariant proba-
bility vector for T'.
A stochastic matrix T" always allows the extension

Se.(ne) = One Tipe-

The corresponding process is the usual Markov process (7). More general
extensions w are hidden Markov processes: there exists a larger configura-
tion space 21, a function F : 7 — € and a Markov process w1 on §2; such
that

W(€0,€1,...,€n): Z wl((p()a(plv"'a(pn)-
Flej)=e¢;
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The entropy of hidden Markov processes can be computed using a method
due to Blackwell'6. The starting point is the asymptotic entropy production
formula (2). The construction of the process, adding one point at a time,
see (14) and (15), defines a dynamical system on the length-d probability
vectors. The entropy of the process is then obtained as an average over
entropies of probability vectors with respect to the invariant measure of the
dynamical system. Numerical evidence suggests that the Markov extension
has the smallest entropy amongst all.

4.2. Qubits with SU(2)-invariance cont.

In order to have manifest SU(2)-invariance of the process we impose SU(2)-
covariance both on the CP transformation of My and on its compatible
extensions from My ® M3 to M. Let G +— U, be a unitary representation
of a group G on a Hilbert space H. The adjoint representation lifts it to a
representation of G on the bounded linear transformations B(H) of H:

Ad(U,)(A) =UzAU;, g€ G, A€ B(H).
Given two unitary representations U") and U® of G on H; and Hs a map
I': B(H1) — B(H2) is covariant if
Lo Ad(UM) = Ad[UP)oT (16)

The Choi-Jamiotkowski encoding of a linear map I' : My, — My, is
very convenient for handling complete positivity

() = Z i) (j| @ T(Ji) (j]),

T is completely positive if and only if C(T") is positive semi-definite. The
encoding depends on the chosen basis through the matrix units |¢)(j| but
only up to unitary equivalence as

CToAd(U)) = Ad(UT ® 1) o C(T') and
C(Ad(U)oT) = Ad(1 ® U) o C(").

The covariance condition (16) for " : Mgy, — My, translates for its Choi-
Jamiotkowski encoding into

TV eUu®, )] =0, geg.

Here A is the complex conjugate of the matrix A. For SU(2) there is an ad-
ditional simplification because the conjugate of SU(2) is unitarily equivalent

to SU(2).
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It turns out that there is a one-parameter family of SU(2)-covariant
UPCP transformations of My
L(o)=po, —5<p<l.

The SU(2)-covariant UPCP maps A : Ma ® My — My compatible with T’
are parametrized by three real parameters

Alo1-02) =al,
A1) = Ao ) I'(o) = po, and (17)

(0‘1 X 0'2)
Complete positivity imposes constraints on «, p, and n
|6 —a] <3 and 3 — 20— a? + 12u — 12apu — 9n* > 0. (18)

These conditions can be obtained by imposing positivity on the Choi matrix
of A. The allowed region is a piece of a cone in R3. We then compute the
expectation of p

Trz:A(aV ®A(c" ® 1))

Y

ool

p)=1-1{o1-02) =1 —

= % — %,uTrA(Ul cog) = %(1 —ap).

The maximum in the allowed parameter region is attained for a = —% and
uw= % and is independent of 7. Therefore

(p) < 5 (19)

for () a stationary and SU(2)-invariant process as in (14). This should be
compared with (11).

In passing from exchangeable to shift-invariant separable states we actu-
ally allowed product states of period 2. This can also be applied to processes
of the type (17). Considering o1 - o2 as the contribution to the energy of
two neighbouring spins, a minimal value of (o1 - o2) corresponds to a maxi-
mal value of (p) and this is expected to happen for spins as anti-parallel as
possible. Therefore the second requirement in (17) is inappropriate and we
should consider general SU(2)-covariant maps A : Mo ® Ma — May. These
are determined by four real parameters

A(o1-02) =al,
A1) =po, Aoz)=vo, and (20)

Ao x 02) =10
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Complete positivity imposes the constraints

3+ 3v —al <3 and

2 2 2 (21)
3—20—a“+6(l—a)(p+v)—9(p—v)"—9m° >0.

We now introduce two SU(2)-covariant maps A; : Mo ® My — Mo as
in (20) with defining parameters («;, 14, v, 1;). The expectation of p in the
equal weight average of these period-2 processes is given by

(p) = 1 — 5 (a2 + armp).
Maximizing this in the allowed parameter region yields
(p) =2 =0.625

which is within 10% of the optimal bound and well within the entangled
shift-invariant states.

4.3. Davies Maps

An interesting and physically relevant class of channels are the Davies maps,
they arise in the reduced dynamical description of a system with a discrete
level structure weakly coupled to a thermal bath”. The level structure of the
small system is preserved in the sense that such a map I' is parametrized by
a stochastic map 7" and a decoherence matrix D. The matrix T describes the
stochastic evolution of the diagonal elements while D gives the damping of
the off-diagonal terms. Assuming that the system Hamiltonian is diagonal
in the canonical basis

I'(dia(p)) = dia(T @) and I'(e;;) = Dijes;, i # j. (22)

Here, e;; = |e;)(e;|. Moreover, T is detailed balance and D is real symmet-
ric. Detailed balance means that T' is Hermitian for the stationary measure
p that is interpreted as the Gibbs state of the system

m(fT(g)) = m(T(f)g), fand g real-valued.

This condition is equivalent with micro-reversibility: the occupation rate of
level ¢ times the jump probability from i to j is equal to the occupation rate
of j times the jump probability from j to ¢. Another equivalent condition
is

T3 Tk Thi = TixTr; Ty for all choices of ¢, 7, k.
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Complete positivity additionally imposes that

T11 D12 -+ Dig
Doy Toy -+ Doy o ) .
L be positive semi-definite. (23)

Dg1 Daz -+ Tua
The action of I' is quite clear: decay of the off-diagonal elements and birth
and death process for the diagonals. The relations between the different
rates are encoded in the positivity condition (23). E.g., one can readily
check that the decay rate of the off-diagonals cannot be less than half the
rate of convergence to equilibrium for the diagonal process.

For Davies maps one could expect the standard basis vectors to be
minimizers of output entropy but this is not generally true. It has been
shown® that already for a single qubit a true superposition of ground and
excited state is the minimizer in a regime where the map is close to the
identity map and so truly quantum. High powers of a Davies map converge
to the projector on the equilibrium state which is entanglement breaking.
In this regime the minimizer for output entropy is the state corresponding
to the row of minimal entropy in 7'.

The construction of a process as in (14) requires a Davies map rather
closer to the projector on the equilibrium state than to the identity. For a
single qubit

l—a a
T = ith 0<b<a<l1
( b 1_b),WIt 0<b<a<
and with d the damping factor of the off-diagonal element one checks that
it generates a process if

?<i(1l-a)(l-0).

4.4. Free Fermionic Processes

For both Bosons and Fermions there exists a notion of Gaussian states and
maps” !0 that are considerably simpler to handle than general ones. The
names free, quasi-free, quadratic, linear, and determinantal are also used.
Moreover, these states and maps are good approximations whenever the
statistics dominates over the interactions. A considerable benefit is also the
scaling behaviour: the dimension of the free objects grows linearly in the
number of particles instead of exponentially. We shall here only describe
the defining free objects without connecting them to the true observables,
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states, and maps of a many particle system. This yields a kind of meta-
description. Moreover, we restrict ourselves to Fermions.

The observables of Fermions with mode space H are the trace-class
operators Z1(H) on H. Apart from their linear structure commutators are
also useful. The mode space Hio of a bipartite system is just the direct
sum of the mode spaces H; and Hsy of the corresponding subsystems and
observables of system 1 are extended by putting

Ae Il(Hl) — A®O0 e Il(ng).

The symbols play the role of states, they are operators @ on H such that
0 < @ < 1. The expectation of an observable A is just Tr @ A. Mixtures of
symbols are constrained by the following requirement: let 0 < A < 1 then
the mixture of Q1 # Q2 with weights A and 1 — A can be formed if and only
if @1 — Q2 is of rank 1 and it yields the symbol AQ1 + (1 — A)Q2. It then
follows that a symbol is pure if and only if it is an orthogonal projector,
possibly 0. Given a composite system Hia2 = H1 ® Ho and two symbols @1
and @2, the product state has symbol Q1 ¢ Q2. In this context, a separable
state is just block diagonal in the mode space decomposition. We shall also
need the von Neumann entropy of a symbol on a finite dimensional space

H(Q) := —Tr[Qlog Q + (1 — Q) log(1 — Q)]. (24)
In particular, H(@) = 0 if and only if @ is pure.
A trace-preserving completely positive map from H; — Hs is a couple
(A, B) of linear maps where
A:H1—>H2,BZH1—>H1, andOSBS]l—A*A (25)
The action on a symbol is given by
Q—Q =A"QA+ B.
Observe that such maps are compatible with the notion of convex mixture
of above because there is only a single Kraus-like operator appearing in (25).
Composition of free CP maps is given by a semi-direct product
(A,B)o (A',B")=(AA" B + (A)*BA").
We now mimic within the Fermionic free context the construction of
a process starting from a CP transformation (A, B) of C?. Such a map
can be extended to a compatible map (C, D) from C% @& C? — €< if and
only if A*A < min({41,1 — B}) and the extensions are labelled by an
X:Ct—

B X
C:(AA) and DZ(X* B>'
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The symbol @ invariant under (A, B) is the solution of
Q=A"QA+ B.

It is not hard to see that the outcome of the construction is a symbol @
on @FC? which is a block Toeplitz matrix: the d x d matrix entries in Qo
are constant along parallels to the main diagonal. Explicitly

(Q);; =@ and (Qx),,,, = (A")"(Q — B + X). (26)

The entropy can now be computed in two different ways, we can either
compute the limiting average entropy as in (1) or the asymptotic entropy
production as in (2). The first method relies on an extension of Szegd’s
theorem to block Toeplitz matrices. For the second we need either a much
finer control on the spectra of principal sub-matrices of a block Toeplitz
matrix, which appears to be hard, or we have to exploit the smoothness of
the entropy function. We follow this last approach.

Let T : [—m, n[— Mg be an L>®-function taking values in the Hermitian
d x d matrices and put

where T' are the Fourier coefficients of T

2m

T(k) := = / dO T () e=2mk0

An extension of the classical Szegd theorem!! reads

Theorem 4.1 (Szegd). For any continuous complex function f on R
1 . 1 [7
lim — Tr f(P,TP,) = o / do Tr f(T(9)) (27)
where P, projects onto the first n terms in &3 CY.
The theorem gives us information on the main asymptotic behaviour of

the eigenvalues of principal sub-matrices of T'. Consider e.g., the case d = 1,
then Szego’s theorem can be rewritten as

lim LT f(PT Py = /R u(dz) f(z)

n—oo N
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where

-,
—00,x]) = — de.
(] D=3 s

If we order the eigenvalue list {\, ;} of P, T P,, then {\, ;} interlaces
{An+1,j} and

W —hmﬁ ZICS)\”J_ = u.
j=

A fine asymptotic control on the eigenvalues could be used to obtain the
average (27) as an asymptotic growth

lim {Tr f(P,T Py) — Tt f(PaeiT Pooi) )

n—oo

Numerical evidence, however, shows that the behaviour of eigenvalue spac-
ings can become erratic when T oscillates.

In fig. 1 the function T(6) =  + £ cos(d) + & sin(26) is plotted. In fig. 2
the eigenvalue lists of the first 50 principal sub-matrices are shown together
with a plot of the eigenvalues of the 100 x 100 sub-matrix. This last plot

approximates well the reordered function 7.

_‘3 _‘2 —‘1 Z‘l é é
Figure 1. The function T(0) = % + % cos(0) + %sin(29).

Strong sub-additivity of the entropy guarantees the existence of the
asymptotic entropy production but a much more general result can be
proven by extending Szegd’s theorem to reasonably smooth functions.
This result can then be applied to the computation of the entropy of our
processes.



Quantum processes 77

10¢ 10¢ o
08 -~ 08| e
06/ . 06" P
04 . 04
02} - 02f

10 20 30 40 50 02 04 06 08 10

Figure 2. Eigenvalues of principal Toeplitz sub-matrices.

Theorem 4.2. For a block Toeplitz matrix T and an absolutely continuous
complex function f on R

lim (Trf(Pn+1TPn+1) - Trf(PnTPn)> I )

n— oo 21w -

As a corollary we get
h=g- [ dOH(Qx(9))
with
A*ei0
QOO_Q+ ]].—A*eie

and H as in (24).

(Q— B+ X)+he

5. Conclusion

The construction of quantum processes is a lot less straightforward than
for their classical counterparts. The intricate nature of quantum correla-
tions complicates even the seemingly simple task of finding extensions of
overlapping states.

Processes that can nevertheless be easily constructed, like exchangeable
or separable states, are not general enough to study interesting quantum
behaviour. On the other hand, more general constructions like the Bethe
Ansatz become difficult to handle as the size of the process increases.

The processes we have studied here, the finitely correlated states, lie
somewhere in between the previous two classes. By construction, they are
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well-behaved as the length of the process grows. We have also seen by study-
ing some concrete examples that such states do in fact exhibit interesting
quantum characteristics.
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Entanglement is one of the most important resources in developing quantum
computer technology. It might be surprising that it can be effectively described
in spaces of functions of nilpotent variables 7. For such functions in a natural
way arise collections of invariants allowing to construct entanglement mea-
sures. Moreover various examples of nontrivial entangled states obtained using
quantum physical reasoning turn out to be naturally related to the elementary
functions of n-variables.

Keywords: nilpotent quantum mechanics; classical invariant theory; entangle-
ment; entanglement monotones.

1. Introduction

Since its very beginning quantum mechanics is one of the most important
areas of scientific activity, not only physical, but also mathematical, in-
fluencing the development of various mathematical formalisms, frequently
of importance for mathematics itself, such as: functional analysis, theory
of distributions, operator theory, C*-algebras, complex projective spaces,
harmonic analysis on the Heisenberg group and induced representations,
theory of deformations. Its popularity in the last two decades is coupled in
great extend to the immense advancement of the experimental techniques.
Among others, it is related to development of quantum information theory
and a new resource we have found in Nature - the quantum entanglement.
It turned out, that mathematical questions arising in this context are es-
sentially nontrivial, some of them were posed long time ago. All these is-
sues locate quantum mechanics again at the frontier of theoretical physics,
in a position, once occupied, then overtaken for decades by fundamental
interaction theories - (super)string theory, quantum gravity, supergravity,
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quantum field theory conventional and supersymmetric, QED and QCD. Is
needless to say that the experimental devices needed for penetrating the
Nature in this regime are of absolutely noncomparable size to that of the
LHC, but the joy of discovering new properties of the Nature, is comparable.

Moreover, mathematical tools needed to study above mentioned funda-
mental theories, are very sophisticated and abstract, in view of that, prob-
lems met in the contemporary non-relativistic quantum mechanics might
seem to be “easy”. In fact they are nontrivial, fundamental and some of
them are open by now. The description of quantum entanglement is linked
to a collection of such problems rooted in geometry, linear algebra, C*-
algebras and functional analysis. Some of long standing questions have very
simple formulation, what might be misleading, beacause they are deep fun-
damental problems, frequently not answered by now.

In the present exposition we wish to take a view onto the entanglement
problem of multipartite systems in terms of functions of nilpotent variables.
Such approach is unconventional and might seem exotic from the point of
view of the conventional complex Hilbert space approach, however there
are strong indications that it suits in many respects the effective descrip-
tion of entanglement. Here we shall restrict ourselves to the case of the
pure state entanglement. We want to be selfcontained, therefore, we give
necessary n-formalism illustrated by many examples and connections to
the conventional description in Hilbert space. The factorization (separabil-
ity) conditions and “measures” of entanglement for multiqubit systems are
discussed for n = 2, 3,4, in terms of the n-formalism.

2. Qubits and nilpotent commuting variables

As it is discussed in the Ref. 1, the nilpotent commuting variables are
present in physical theories since late Eighties of the Twentieth Century.
It seems that they were firstly used by Ziegler? in a model describing ther-
mal fluctuations of the flux lattice to realize condition that flux lines can-
not intersect or touch each other (so called hard-line interaction). Then
this approach had been developed in series of works®® among others to
description of systems of hard core bosons® and applied for systems of
macromolecules.” Slightly later, in 1993, such variables were independently
introduced to quantum field theory by Palumbo® and then, based on them,
a new approach of bosonization was successively developed (cf. Ref. 9-15
and recently 16,17).

In the approaches mentioned above: the first in statistical physics, the
second in field theory, one is making use of the commuting nilpotent param-
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eters and seem to be very promising. It turns out that the Lagrangian and
Hamiltonian formulation of classical mechanics involving nilpotent com-
muting variables can be introduced.?*26:27 One can consider classical limit
for qubits, but at cost of introducing the mentioned above variables. Such
a new approach is complementary to the conventional one, and gives nat-
ural setting for answering the entanglement questions. Some elements of
such formalism were introduced in Ref. 18,28 (cf. Mandilara and Akulin
contribution to this volume).

The one-particle space of the qubit is a two dimensional. The Fock space
the tensor product of qubit states can be taken symmetric (cf. in this con-
text Ref. 29). Qubit from this point of view exhibits mixture of the boson
and fermion properties. To adequately describe qubits we have to play with
the commutation or anticommutation relations on the one side, and symme-
try properties of the tensor product on the other side. Bosons and fermions
can be organized in unique graded structure where commutators, anticom-
mutators, parity of elements of graded algebra, and symmetry of tensor
product is consistent. They play distinguished role, because they describe
fundamental particles. However, there are other useful objects related to
parastatistics. Parafermions and parabosons were defined by tri-linear re-
lations in Ref. 20 over fifty years ago and have their place in quantum field
theory.2!

Let us mention here the discussion of the definition of the qubit given
by Wu and Lidar,?? where they stress that qubits are neither bosons nor
fermions, (in particular they consider realization of a qubit as a composite
of fermions described by products of anticommuting variables). We refer to
their definition of qubit as a parafermion and reformulate defining condi-
tions using the commutator and nilpotency conditions. Such approach gives
us natural realization of the relevant algebra, in analogy to the realization
of the canonical anticommutation relations by means of the anticommuting
variables and superdifferential operators.

The two dimensional state space of a single qubit system is natu-
rally obtained from nilpotent (or more precisely, first order nilpotent i.e.
with vanishing square) creation/anihilation operators. Taking commuta-
tors and symmetric tensor products for many-particle system we obtain
parafermions, cf. Ref. 22. To find another description of qubits let us take
the set of (anti)commutation relations for parafermions in the following
form

[di,df]- = d;(1 —2N), [di,dj]- =0, [df,dfl- =0, (1)

7 J

d? =0, (d;r)Q =0, (2)
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where N can be seen as particle number operator. As it is known to obtain a
classical limit for fermions, the introduction of the Grassmannian variables
is necessary. Analogously for qubits, to get nontrivial classical limit we have
to introduce nilpotent, but commuting variables.! Namely,

m' =n'n,  nP=n?=0 (3)

The first order nilpotency encodes information that single qubit system
is a two-level one, in the same time it is boson-like when considered in
multi-qubit system.

The system of many qubits in the n-formalism has the same property
as observed in?? for parafermions, that it behaves for large n like boson, in
paricular becames not nilpotent.

3. Canonical qubit relations

Understanding a qubit as a two-level quantum object exhibiting boson-like
behavior in many particle system, and in the same time, being the subject
of the Pauli exclusion principle. Such a hybrid object is not a fundamental
particle cf. Ref. 8-10,12,18,22,23,26,27, like boson or fermion and inherently
carries properties of a composed object, but now it is described without any
explicit reference to the constituents and the way it is composed of.

To describe qubit as an object which is nilpotent but otherwise boson-
like, let us observe that the commutator of qubit creation operator d* and
qubit anihilation operator d if nontrivial, cannot have a value in the center
of commutator algebra. This would give an contradiction with nilpotency.
Making the following ansatz

[d,dt]-=1-2N (4)

and taking the compatibility condition with the nilpotency of d, d* one
gets that

[d,d+]+:1+2Z, (5)
where Z = (dTd—N) is an element from the center of the algebra. Moreover

[N,d ]y =d (6)

[N, d"]+ =d* (7)
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The canonical qubit relations (CQR) we shall consider consist of the fol-
lowing set of relations

[d,d"]_=1-2N (8)
[N,d]_=d (9)
[NV, dT]_ = —d* (10)

d>=0=(d")? (11)

Simplest realization we obtain for N = d*d. Moreover
(d+dt)?=1+2Z, (12)

where for the N = d*d, Z = 0. As we shall describe it below, the CQR can
be naturally realized within the n-function space by means of n-differential
and multiplication operators.

Using for the CQR the argument of Wu and Lidar (??) one can see that
the set of n qubits for the large n behaves like a boson. Namely

b= iZdi (13)

nil

1 n
= + 14
b n;dl (14)

then

2 n
T_=1—-2Y N,. 1
[b,b"] n; (15)

Hence, when the number of particles n is much larger then the effective
number of qubits we get [b, bT]_ ~ 1.

4. Functions of nilpotent variables

For the description of multiqubit systems we shall consider set of functions
of nilpotent commuting variables 7. A number of variables is directly linked
to the number of qubits we want to describe. We shall assume that variables
n; are first order nilpotent ()2 = 0, Vi, and are algebraically independent
ie.

ntnt et #0 (16)

For further convenience we write 7 = (n',7%,...n") and the I}, denotes a
strictly ordered multi-index Ij, = (41, i2, i3, . . ., i ). The function f(7) € F[7]
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of n n-variables is defined by the following expansion

F(ij)= > Frn", (17)
k=0,Iy

where Fj, € N are constant elements. The expansion (17) gives explicitly
the dependence of a function F' on the n-variables . The function F' can
also depend on the conventional real or complex variables z € ™. In such
case F, (z) encode this dependence. For example, for n = 2 we have

F(z,77) = F(m,n2) = Fo(z) + Fi(z)m + Fa(x)n2 + Fia(x)mn2 - (18)

It is instructive to consider the examples of elementary functions of n vari-
ables: power function, exponent, logarithm, trigonometric and hyperbolic
functions. The explicit form of power function reveals interesting combina-
torial structure of relevant terms exhibiting in their multiplicities. Summa-
tions are understood over strictly ordered configurations of indices.

n=1
F(n) = Fo+ Fin (19)
F(n)™ = F3"~'(Fo + Fin), (20)
n=2

F(n',n?) = Fo + Fin' + Fon? + Fian'n? = Fo + Fin' + Fyn'n?  (21)
Fn'n®)™ = F"YFoy +mF'n,) + F" 2 (nFoFia
+m(m — 1) F1 Fa)mn (22)

n=3:
F(n',n*,n*) = Fy + Fin' + Fin? + Fin® + Fian'n?

+Fisn'n® + Fasn®n® + Fiasn'n’n® (23)
= Fy + Fin' + Fyn'n? + Fjen'n'n®
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Fnt,n?,n®)™ = F"YFy + mEm') + " *(mFy Fia
+m(m — 1) Py Fo)mne + F 3 (mFyFi3
+m(m — 1) F3)mns + E " 2(mFoFas  (24)
+m(m — 1) FaF3)nang + Fy" > (m(m — 1)
Fo(F1Fas + FoFi3 + F3F2) +m(m — 1)
(m — 2)Fy Fy F3 + mFE Fiaz)n'n*n?

What can be written in a compact form

Ftn?,n®)™ = E Y (Fo + mEn') + F" 2 (mFyFyj
+m(m — 1) FFy)min; + Fg*~*(m(m — 1)
FoF;Fy +m(m — 1)(m — 2)F; F; Fy
+mEg Fij)n'n’n* (25)

n=4:
F(nt 2. 03 %) = Fo Fsrfi - Foanind - Foomird ok L Foomind nknl (26
(" n7m°,n") = Fo+En'+Fyn'n’ +Figen'n’ n" + Fijan'n’n"n’ (26)

F(nt,n? 0’ n')™ = B~ (Fo + mFpn') + Fy" " (mEy Fy
+m(m — 1) FFy)min; + F§* = (mFg Fij
FiFFn'n’n® + Fg* =4 (nF§ Fijn
+m(m — I)F()Fiijl + m(m — 1)F0Fiijl
+m(m —1)(m — 2)(m — 3)F; F; F. Fy)
'y’ (27)
To put the above formulas for powers of arbitrary F(7) in a compact form
we have introduced the following conventions: (i) when term gets negative
power of (Fy)™ ™" - it vanishes; (ii) for the terms with the factor (Fp)? in
front, we put (Fp)? =1 .
The n-exponent is defined using expansion analogous to the conventional

one, what with the use of above power formulas gives

oF (M) — Z F(ﬁ')n — Fos(F (M) (28)
n.

n=0
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Similarly, the definition of logarithm function is analogous to the conven-
tional one. For n-functions with unit first term one can define

o0 .Y
(1 + s(F () = (-1 2L (29)

k=1

where s(F(7])) is the so called soul of a function F'(7) i.e. F(77) = 1+s(F(7)).
Using expansions with Fy = 1 we obtain explicit expressions forn = 1,2, 3,4

n=1:
In(l1+4 s(F(n)) = Fin (30)
n=2:
In(1+s(F(n',n?) = Fin' + (F;; — E;Fy)n'y’ (31)
n=3:

In(1+s(F(n',n°,n) = Fin' + (Fyy — BFn'n’ + (Fiye  (32)
~FiFji + 2F Fy F )i’ n*
n=4:
In(1+s(F(n',7°,0°n") = Fin’ + (Fyj = FFy)n'n’ + (Fijx — F;Fjy
+2F Fy Fn'n’n® + (Fiji — FijFu
_Fiijl + 2F¢Fijl — 6F¢Fijﬂ)
't (33)
From the point of view of the multiqubit entanglement a very inter-

esting class of n-functions consists of the n-trigonometric functions. let
F= ZF[an’“7 F]k ER

2k
cos(F (i) = ,;O(_Uk gk)! (34)
2k+1
sin(F () = ;)(—w(fk—;m (35)

As in the conventional case there are valid various identities and reduction
formulas e.g. cos?(F) + sin?(F) = 1. In particular

cos(F) = cos(Fy)cos(s(F)) — sin(Fp)sin(s(F)) (36)
sin(F) = sin(Fp)cos(s(F')) + cos(Fo)sin(s(F)). (37)
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For further use let us write sin(>_n%) and cos(>_7') in explicit form for
n=2,3.4.

n=2:
cos(n' +n*) =1-n'p’ (38)
sin(n* +n*) =n' +n° (39)
n=3:
cos(n' +n* +n*) =1—n'n®> —n'n® —n*n? (40)
sin(n' +n> +0°) =n' +n* + 0> —n'n’n’ (41)
d=4:

cos(n' +n* +n* +n*) =1—n'n* —n'n* —n'n* —n*p® —n’n*
—n*n* +n'n’n’n* (42)
sin(n' +n° +0° +n*) = 0" + 0> + 0> + ' —n'n*n® —n'n’n*

—n'n*n* —n’nPn* (43)

In the section 5 we shall bring explicit entangled states represented by 7-
trigonometric functions. To study a factorization problems it is convenient
to have at hand the notion of derivative for functions of the n-variables. In
the conventional case of functions of real or complex variables fundamental
criteria of factorability make essential use of derivative of a function. The
n-derivative is defined in the following way

o =6, %i1=0, (44)
where
0
9; = o (45)

then it is extended to the all functions by linearity i.e. F[i] i.e. 9;(an® +
by?) = adin® + bo;m’. Obviously, 9;0; = 0;0;. Despite the simplicity of
the above definition, the n-derivative is not a subject of the conventional
Leibniz, instead for F'(7), G(7j) we have the following relation

This is an example of generalized Leibniz rule with the anomalous term.
The following relations are direct consequence of the Eq. (46):

&(an) =F - mﬁiF (47)

0i,mi] - =1 =200, [05,mi]+ =1 (48)
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For the functions of the nilpotent commuting variables one can also
introduce the notion of the n-integral as follows

/Th'dle = dij, /dm =0 (49)

and by linearity extend it to all functions F[7j]. Such 7-integral has the
following properties:

/ﬁdﬁ’:l, T=mne... My, dij=dmdny...dn, (50)

where F(77) = F(n1,m2, - -.,nn) The integration by part formula for abouve
integral, due to the modified Leibniz roule, has the following unconventional
form

(/ de> (/de) . % </(6iF) e +/F- (6¢G)dni> C(52)

Some changes of n-variables are allowed i.e. let matrix A represents permu-
tation and scaling transformation, 77 = A7j’ then

/ F(7)dif = (Per A)~! / F(A7)dT (53)

where Per A is the permanent of the matrix A. Its presence is characteristic
for the n-formalism (as well as presence of the Hafnians).®

Finally, let us write a resolution of the n-generalization of the Dirac
d-function. Namely,

[ F@sa- pii=Fp) (54)

has the following resolution
87— p) = [ ns + ), (55)
i=1

where p is nilpotent commuting variable, p? = 0. Proofs and further expo-
sition of 7-differential and integral calculus can be found in.?3

It is natural to compare above objects to analogous ones known from
the superanalysis. While the definition of the n-derivative and the n-integral

2Let us note that in the case of supermathematics natural link is towards Pfaffians and
Determinants.
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is the same as these introduced by Berezin, but its further properties de-
pend on the multiplication in the algebra of functions what yields some
differences. Fundamental one, is the modified Leibniz roule which contains
modification providing consistency with the nilpotency of commuting vari-
ables. It also shows that the whole construction is nontrivial.

5. Generalized Hilbert space

To describe multiqubit systems within the n-formalism we shall need a gen-
eralization of the notion of Hilbert space. Here let us consider particular
construction mimicking the Hilbert space of square integrable functions,
such a generalized space of the n-functions we shall call the n-Hilbert space
‘H. In the space of such functions of n n-variables F[f},], we introduce weakly
non-degenerated scalar product defined by means of n-integral, in the fol-
lowing form

<F, G opm / FH i) G(i)e<T > dif* dif, = / FH @G du(i, ) (56)
where
Fn =33 Fpt (57)
k=0 I

and * denotes complex conjugation. For Fy[,] components Fy, are complex
number valued. The first order nilpotents n** are algebraically independent
from 7’. In components we have

<F, G>y=Y_ > Fi Gy (58)

k=0 Iy

In particular, above 7n-scalar product has the following properties:

<vF,G>=<F,v'G> ve~N (59)
<FG>=0, VGeH =F=0 (60)
<F,G>=<G,F> (61)
<FF>>0, VFeH (62)

We can represent in this formalism the 1-qubit algebra by taking F[n)
(set of n-functions of one variable). Explicitly, the n-scalar product of F'(n)
and G(n) functions takes simple form

< F, G >ny=F;Go + F{G1. (63)
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Simple form of the realization of the qubit algebra is given in the following
relations

dt=n-, d=098/0ny (64)

We take the operators d* and d as conjugated with respect to the scalar
product given by (58) moreover the operator

g3 = 1-— 2?7877 (65)

is self-conjugated and [d, d*]_ = 3. It is very interesting that in addition
to the generalized scalar product there can be introduced in the n-qubit
n-function space a weakly non-degenerate form with its symmetry proper-
ties depending on the parity of the qubit number n. Using the gradation
mapping J we can consider the natural orthogonal projections on the even
F and odd F_ part of the function F', given in the following form

ra F(7) = 5(FG7) % J(F()). (66)

Then using the mapping J we can define the linear weakly non-degenerate
form w

wmmzfmmwamme=Zewm@H,<m

kI

where I, U I,,_; = I,. The w,, is symmetric or antisymmetric, depending
on the parity of n

wn(Fy, G) = (-1)"w, (G, F) (68)

Such obtained form is the 7n-version of the form considered in the tensor
product of C? ® --- ® C? from the antisymmetric form ¢ in the C2. For
example, for n = 1 we have

wi(F, G) = FyGy — F1 Gy (69)

and for n = 2
wa(F, G) = FyGia + FiaGo — F1Gs — F>Gy. (70)
The last form written in particular basis {1,71, 172, 7172} is given as follows
wa(l,mmz) =1, wa(m,m2) =1 (71)

w3(F, G) = FoGia3 + F123Go + Fa3G1 — F1Ga3
+F13Gy — F3Gi3 + Fi2Gs — F3G12 (72)

bt is equivalent to the form considered by Wallach.32
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For further examples cf. Ref. 1.

There exists a natural family of projections related to the decomposition
of the F(7}) into the part depending on the fixed 7 and independent of it.
Namely,

F(ﬁ) :F(nla’rhv77716)777”)—’—7776#(7]1)7]2777716;77]11)7 (73)

where the hat indicates variable which is omitted. Natural realization of it
is given by n-derivative operator, due to the identity

i + MOk =1 (74)

we can introduce projectors
Trjo = Ok - (75)
T = MOk (76)

For a fixed k they are orthogonal and for different indices k they commute
Th|iTk|j = OijTh|j> Tkjo © M1 = id (77)
Tk|sT5 = T 5T k|is k#1 (78)
For example the decomposition of the F(n;,72) has the following form
F(n, n2) = Fo + Fana + m(Fy + Fianz) = F(a) + m F ()
= 1o (n1, n2) + T F (11, m2) (79)
or
F(n1, 12) = Fo + Fim + n2(Fz + Fiam) = F(p1) + 12F ()
= mopo F'(n1, m2) + o1 F(n1, 12) (80)

Moreover, we get the full decomposition of the F(n;, 72) using composition
of projectors

Fo = mimo0F (01, 12), (81)
Fim = mipmooF (01, n2), (82)
Fiomne = mipmop F(n1, m2) (83)

These formula generalize easly to the n-functions of n variables. Let us come
back to the form w. For n = 1 w; is antisymmetric and can be realized in
an alternative way by introducing the wedge product of n-functions as

F(n) AG(n) = (FoG1 — FiGo)n, (84)
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Obtained in such a way an anti-symmetric form we shall denote by D1

Di(F, G) = / F(n) A G(n)dy (5)

Hence, for one 7 variable D1 (F, G) = w;. In the d = 2 case such general-
ization it is also possible in the following sense. The space of n-functions
F(ny1, n2) is 2%2-dimensional, therefore it admits antisymmetric form. Be-
cause d = 2 n-function can be decomposed using one of the introduced
above factorizations (79) or (80) therefore we can define Cy as

Co = Di(F(m),F(m)) = D1(F (1), F (1)) = FoFia — F1 Fy (86)

It can be recognized as a counterpart of the concurrence of the 2-qubit
states. The anti-symmetric form D5 is defined in as follows

Dy = Dy (F(m), G(m)) — D1(G(m), F(m))
= D1(F(n2), G(i2)) — D1(G(n2), F(12)) (87)

In the n-Hilbert spaces we can consider the simples possible basis com-
posed of the monomials {ny, }}'_,. In such basis it is easy to set the cor-
respondence to the so called computational basis in conventional Hilbert
space approach widely used in the literature. The binary notation used there
for describing the elements of the tensor product of C? is simply related
to our n-notation. Translation of the multi-index for system of n qubits
with the “binary” entries 0, 1 to the multi-index I used in the n-function
expansion is obtained by putting the ordinal numbers equal the position of
1’s appearing in the binary multi-index e.g. (0,0,0,0) — 0, (1,0,0,0) — 1,
(0,1,0,0) — 2, ..., (0,1,0,1) — (2,4), ..., (1,1,1,1) — (1,2,3,4). In
the case of two qubits we have that: 1 = |00>, m1 = |[10>, 7o = |01 >
and m1m2 = |11>, and the trigonometric states get the following normalized
form

VYanz- = %cosml ) = %<|oo> |11>) (s5)
w = %smm ) = %ao» +10>) (89)

Analogously for n = 3 qubit systems we have three n variables and trigono-
metrics functions give also the GHZ and W -states, and in addition emerges
the cluster Wrener state. Namely,

cos(' +n* +n°) =1—n'n* —n'n* —n’n® (90)
sin(n* +0° +0°) =n" +n” + 0> —n'n*n’ (91)
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what after normalization gives

Y3 = l608(771 +0? + 1) = %(1 —n'n* =t —n*n)  (92)
= 31— Vbow)
Yoo = gsm(n +0? +n’) = %(771 +0* 407 = n'n’n’) (93)
= %(1 +V3¢w — V2¢grz)
In the binary basis above states take the following form
P& = %(|000> —|110> —[101> —|011>) (94)
PP = %(|100> +]010> +[001> —[111>) (95)
and the cluster Werner state is defined as
Yow = %(7]17]2 +mns +n2n3) = %(|110> +[101> +011>).  (96)

The bases composed of trigonometric n-functions are more interesting
from the point of view of the entanglement. For the n = 1 such basis is
identical with the monomial one {1,7n}. For higher n we obtain interesting
functions. For n = 2 we take trigonometric function (38) with arguments
m £ n2. These functions are orthogonal and we take them normalized with
respect to our generalized scalar product

hy = % sin(nt —n?) =

%(1 —n'n*) = YaHz-, (97)
%(1 +0'n?) = Yanzy, (98)
Z5 '+ 1) = (99)
%(nl -0’ =Yw-. (100)

It is the n-realization of the “magic” basis for 2-qubit system. The cos-states
are GHZ-type and sin-states are W-type (Bell states up to the particular
phases). Above basis can be generalized to higher n, where it contains 2™

elements

1
{\/ﬁ cos(m £m2--- £ ),

1 .
\/2”Tl Sln(nl + PR =+ nn)} (101)
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In our approach to description of qubits, as it was discussed in the Ref. 1,
one introduce analog of the Schrodinger quantization procedure, which
yields wave functions in the f-variables, so called 7-Schrédinger quanti-
zation, because we shall use the n-wavefunctions ¢ (z,n) and generalized
Schrédinger equation, involving 7-derivatives. For example, in the papers
by Mandiliara at al.'82® was already used equation which can be named
logarithmic n-Schrodinger equation. It was written for a so called tangleme-
ters, and used to address, via system control methods, some questions of
the entanglement.

Let us recall, that there exists classical theory based on nilpotent com-
muting variables introduced in,?? which provides configuration space de-
scription as well as the phase space description of nilpotent systems. It is
called nilpotent classical mechanics. Moreover another essential aspect of
the theory invilving nilpotent commuting variables i.e. path integral for-
malism, was discussed some time ago by Palumbo at al.® 19 Let us note
that in all this approaches, except the nilpotent classical mechanics there
was neglected the fact, that the derivative with respect to the nilpotent
commuting variables do not satisfy the Leibniz rule, what makes the whole
construction nontrivial.

Therefore taking all above mentioned arguments into account, it is nat-
ural to consider the nilpotent quantum mechanics as formalism which is
related by a “n-canonical quantization” to the classical nilpotent mechan-
ics. Because known by now 7-Poisson brackets do not satisfy the Jacobi
identity, the term “n-canonical quantization” leaves some open questions,
but the formalism of nilpotent quantum mechanics itself is consistent and
very effective. We shall use here the restricted n-Schrédinger quantization
in the following sense. To quantize classical nilpotent system, we take a clas-
sical observable in the normal ordered form i.e. momentum variables are to
the right of the coordinate variables and realize position and momentum as
operators

R R 0
Me — Mk = Nk PPk =50 (102)
Mk
in the N-Hilbert space of n-functions depending on 1, k= 1,2,...,n. Let
¥ € Fla, 1]

e o) = H (e, 7,), (103)

where H is quantized Hamiltonian H(x, ps,n, py,t) of the system. For the
two level systems frequently one considers explicit time dependence of the
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Hamiltonian. For example in the n = 1 case the Hamilton function is sin-
gular in the sense that its nilpotent part contains terms linear in p, i.e.
H = 5=p2 4+ b(t)py + c(t)npy + V(z,n, t); After quantization we can write
this Hamiltonian in the convenient form H = 5-p2+V(z)+ B(t) - &, where
nilpotent part can be written as

ity = (Ba(t) + By (0)n + (B (t) — z’By@))a% - 2Bz<t>n8% +B.. (104)

Considering only the nilpotent part (neglecting the simultaneous = coordi-
nate dependence) one can assume the global factorization of time depen-
dence of the 7 - wavefunction (7, t) and study the stationary n-Schrédinger
equation for nilpotent quantum system.

Hip(i7) = M(i7) (105)

The structure of eigenstates for such multiqubit systems turns out to be
nontrivial in view of the entanglement, cf. Ref. 1.

6. Factorization and entanglement chracterization in terms
of n-functions determinants

The questions concerning existence of the entanglement can be answered
using the criteria of factorization of n-functions using the n-differential cal-
culus in some analogy to the factorization theory of functions of real or
complex variable. As an introductory example let us consider the simple
problem of linear independence of functions of one n-variable, which can be
interpreted as special case of factorization

aF(n) +bGi() = 0 & F(n) = ~2Gln), a £ 0.

As it is known?* functions F(n) and G(n) are linearly dependent iff the
Wronskian of the following matrix

_( F(n) G(n)
W= <6F<n> aG<n>) ’ (106)

w = FyG1 — F1Gq vanishes. In particular functions with nonvanishing first

F
term in the expansion, i.e. Fy # 0 can be written as F'(n) = Foe™o™.
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6.1. Factorization and entanglement measures of F(n1,m2)

To diagnose the possibility of factorization of the n-function of two variables
one introduces?* the determinant wys of the following n-Wronski matrix
oOF

F OF
w2 (F(n1,m2)) = detWiy = oF 3371 =l aF 81 F‘ =FyFio — F1 Fy
Onz Om1On2 2 12 (107)
107

For arbitrary function F(n1,m2), wiz(F) = 0 if and only if F(n1,n2) =
G(1m1)G(12), for some G and G. Note that above Wronskian for the function
of two 7 variables has numerical values (there is no explicit 7 dependence)
and wia = H (cf. Eq. 108). Using above formula let us introduce family of
invariants H for various numbers of qubits n = 2, 3,4, ..., defined as follows

w\:

= Z " (01 F (M0, F(iD) l=o (108)
Iy

k=0
where 05, F(77) = 0y F () = F (7). In particular

n=2:

H:FOF12 —F1F2 = w12, (109)
n=3:

H = FoFi93 — F1Is3 — FoFy3 — F3lo, (110)
n =4:

H = FoFi934 — F1 o34 — FoF34 — F3F194 — FyF1a3
+F12F34 + Fi3Foy + FiaFos (111)

In the above notation we do not distinguish H for variuos values of the
n, but it will be clear from the context which one is under consideration.
Examples:

(i) the Werner state represented by the function Yw (n1,12) = % (m+n2);

wi2(Yw) = —5 and indicates nonfactorability.

(ii) the GHZ state wGHZ(m,ng) \/5(1 +mn2); wi2(Yeuz) = 5 and the
n-function is nonfactorable,

(iii) the n-function ¢ = %(1 +m 42 +mne); wiz(v) =0 and ¥ = %( +
m)(1+ n2).
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The condition of vanishing Wronskian allows to distinguish several types
of factorization: e™ e n;e", n;e", where ¢ # j; 1,5 = 1,2. On the other
hand the non-vanishing Wronskian gives two types of n-functions: GHZ-like
(eXmnz 1 4 petni| etmnz 4 ) and W-like (1 4 1y £ 12, £n1 £ 12). For
further details see Ref. 1.

For two qubits the well known entanglement monotone is the concur-
rence. It can be expressed using the above defined Wronskian

C(F(m,n2)) = 2|w12(F(7717772))|7 < FF>=1, (112)

where the scalar product is defined in the generalized n-Hilbert space of
n-functions F'(n1,72) and in components it takes the form

< F,F >= |Fy|? + |Fo|? + |F1|? + |Fo|? + |Fia| (113)

Using the notion of the comb*® and antilinear mapping F ~ F¢, where
F¢ = (0¥ ® 0¥)F one can express concurrence as

C(F):| <FC,F> |:2|FOF12—F1F2|. (114)
The operator o¥ ® oV is realized in the following form
o ®@oY = —(3182 + mne — 77281 — 77182) (115)

As it is shown,?* by taking modulus of the scalar product of the entries of
the Wronski matrix we can write the so called visibility V; of i*" qubit in
terms of an n-function

Vi =2| < O;F,F > | (116)

and, on the other hand, the predictability P; for each qubit can also be
expressed in a natural way using a reflection of relevant n-variable i.e.

Pi=| < F,Ji(F)>|, (117)

where Ji(F(n1,m2)) = F(=m,m2) and Jo(F(m1,n2)) = F(n, —n2). Finally
we can formulate for n-functions the so called complementarity relations
for system of two qubits

C](F)+V3(F)+PXF)=<F,F>*=1, i=1,2 (118)

6.2. Factorization and entanglement measures of
F(n1,m2,73)

In the case of three variables we have to consider a set of the Wronski ma-
trices, for all distinct pairs of variables. From such a bipartite information
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one can determine the level of non/factorability of F(n1,n2,n3). This time
the Wronskians depend explicitly on n-variables

wi2(F)(13) = wi2(Flpz=0) + (H + 2F3F12)n3

= wia(F|ys=0) + Han (119)
w13(F)(n2) = w13(Fly,=0) + (H + 2F2Fi3)n2

= w13(F|y,=0) + Hang (120)
was(F) (1) = was(F|p,=0) + (H + 2F1 Fas)m

= wa(Flyy=0) + Ham, (121)

where H is given by (110) according to Eq.(108). What is interesting, one
can express all terms in the above expansions of n-function determinants
in terms of the invariants of Wronski matrices. Namely, we find that the
Hy.(F) can be written in terms of traces

Hi(F) = trWi; (Fly,—o) - trWij (OpF) — tr (Wij (Flp,—0) Wi (0kF)) (122)

For the n-functions of three variables one can introduce effective criterion
indicating factorization of two subsystems (i —k)(j), with true separation of
dependence on one variable (cf. Ref. 24). Let F' = F(n1, 12, 73), there exist
functions G(n;,mx) and G(n;) such that F(ni,n2,m3) = G(ni,nx)G(n;) iff
the following conditions are satisfied: w;;(F)(n) = 0, wg;(F)(m:) = 0,
wij (O F) = 0, and wg;(0;F) = 0 (i,5,k = 1,2,3, are all different and
fixed). Let us note that when there exists the logarithm of the n-function
then, condition for separability of variables takes very simple form.!® For
example the dependence on n; variable is separable if and only if

8;0;In(F) =0 = d;In(F),  i,j,k=1,2,3. (123)

When above derivatives of the InF vanishes, it equivalently means that:
uzlk(F) =0= wjk(F) e.g. 818317LF(T]1,772,T]3) =0 (wlg(F|n2) =0 and
Hz = 0). In such case, the rest of the conditions present in the factor-
ization criterion is fulfilled automatically. Such simple characterization of
separability in terms of logarithm generalizes to higher n,'® but one has
to remember, that the set of functions with vanishing body b(F) = 0, and
hence not having logarithm, is large and grows with the value of n. All
Werner-like states fall into this set. The decomposition of F'(77) into fac-
tors is not unique in general. Let us note that factorization properties of
the n-function F(n1,n2,m3) and its dual xF'(n1,72,73) are closely related,
because

wij (Fly—0) = wij(Or(xF)),  Hi(F) = Hi(xF) (124)
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To see how non/factorization properties of the F(n1,12,73) are encoded

in values of relevant Wronskians let us consider some examples. For sep-

arability the normalization of the function is unimportant, but in view

of application to entanglement monotones we shall consider normalized

n-functions.

Examples:

(1)

The Werner state is represented by the n-function ¢y = %(771 + 12+
73), it is non-factorable. We have

1 .
wij (Yw [=0) = 3 Hi =0, (125)

wij (Okpw) = 0 (126)

The cluster Werner state is represented by the n-function dual to ¢y i.e.
*y = \%(771772 -+ 1113 + 1273 ), as before it is non-factorable. Namely,
according to observation concerning dual functions?*

wij (xYwly=0) =0, H; =0, (127)

wi; (OpYw) = —% (128)

Obviously get that xyy = @(ww)?
The GHZ state: Ygpz = %(1 + mnen3). This function also is not
factorable, because of relations

wij (YarZ|ne=0) = 0, Hy = = (129)
wij (Oxbarz) = 0, (130)

We have that ¥gpz = *¥grz. The nontrivial contribution to the
Wronskian n-function comes here only from the H i.e. w;;(Yarz) = n.
Let 1 be a factorable state of the form ¢ = %(1 +n3 +mne + mnens),
then

1 1 ~ 1
w12(YPlys=0) = T wi2(039)) = T Hs = 3 (131)
wi3(Plg=0) =0,  wiz(Ba)) =0,  Hy=0 (132)
wa3(Yly,=0) = 0, waz(01¢) = 0, Hy =0 (133)

In this case w;3(y) and w;3(9;1) vanish, so dependence on 73 can be
factorized and indeed 1 ~ (1 +n1m2)(1 4 n3) is a product of the GHZ-
function and e"s.
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Presented classification of factorization of the functions for the n = 3 re-
veals?* the already known onion structure in the space of states discussed
in Ref. 44,45. As it is known, one can distinguish three sets B; of mutually
bipartite separable functions with nonempty common part of totaly sepa-
rable functions. Descriptively, the B; form a rosette which is surrounded by
the set By of nonseparable functions of W-type nonseparability (as illus-
trated in above examples) and of the set Bgpz of nonseparable functions
of GHZ-type. Counting dimensions of our n-function spaces, we take nor-
malized functions, moreover, when function is separable we normalize each
factor independently. Resulting dimensions of above sets are the following

dim(B;)=3+1=4
dim(N;B;) =141+1=3
dim(By)=2*~-1-1=6
dim(Bgpz) =22 —1=17
where for the By we have taken into account that there vanishes component
Fy of the W-type function. These dimensions agree with the results obtained
from the invariants theory.*>
The principal entanglement monotone used to detect and measure the
“degree” of non-separability of 3-qubit systems is the 3-tangle.??-51 Math-

ematically it is based on the hyperdeterminant known in invariants theory
for a long time

T123 = 4| Det(F)| (138)

Where hyperdeterminant realized in terms of components of the n-function
F(n1,m2,n3) has the following form
Det(F) = (F§ Fiys + F{Fiy + FS Fi3 + F{ Fg) + 4(FoFas Fis Fio
+ F1FyF3F193) — 2(FoF3 Fi2Fias + FoFa FizFias
+ FoF1 FogFios + FoF3Fi3Fia + F1F3Fes3Fia (139)
+ F1FyFo3F13)
For the GHZ state it gives maximal value, but it do not show the entangled
character of the Werner state. As Coffman Kundu and Wooters have shown,
the 3-tange 7123 and mutual concurrences of bipartite systems of three

qubits (we number qubits instead labeling them by the letter) are subject
of the following relation

Cl(z3) = CTy + Cis + Tizs (140)
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Using this equation, one can define symmetric entanglement monotone sym-
metric, averaged over all configurations of qubits. Namely,
1 2

QF) = 5(612(23) + 63(13) + 63(12)) = g(cfz + C%g + 0223) + 7123 (141)
Such @ is the n = 3 realization of global entanglement measure intro-
duced by Meyer and Wallach3® for arbitrary n and also considered by Bren-
nen® with slightly different form of this function. As it was shown in the
Ref. 24 hyperdeterminant for the n-function can be expressed as

Det(F) = 5 S — 4w (Flyouig OF),  i£j 4k (142)
k

With the use of the n-realization of o matrices and the 7-scalar product,
above relation takes the following form

| <0y F,F > | = 2|w;(Fly,—0) + wij (0 F)|, (143)

where bar denotes complex conjugation and o5 is a tensor product of I and
o2 matrices on it" and j** positions e.g. 0% =1® 03 ® 09

Cij = 2|w;j(F|p,=0) + wij (O F)| (144)
2 i -
Q(F):§;|<O'QJF,F>|2+T123 (145)

QF) = g (22 |wij (Fly=0) + wij (O F)|?
k

+ | D (HF = 4w (Fly=0)wi; (3kF)|)> (146)

k

With the use of relation (122) the Q(F') can be expressed solely in terms of
determinants and traces of the Wronski matrices Wj; (F'), W;; (0k F') namely,

QUF) = 5O g (Fluyo) + w0y @0+ 1 (Wi (Flymo)
k k

trWij (OuF) — tr(Wij (Fy,—0) Wij (0 F)))?

—4wij (Fy,=0)wi; (Ox F)]). (147)
Above representation shows explicitly how entanglement and factorability
properties are intertwined. Let us test behavior of of above function on

some states, where the normalization of n-function is important, to have
fixed scale of values for Q.
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Examples:

(i) Q(\/ig(m +m2 +n3)) = 5 The ¢y state contributes to the value of
Q@ only by the relative 2-qubit entanglement, the 3-tangle 7123 for this
state vanishes. Analogously we get the same value for dual to ¥y
n-function *wr: Q( 5 (mnz + mns +n2m3)) = §

(ii) The GHZ state cotributes to the value of @ only through the 3-tangle
QWenz = %(1 +mmnans)) =1

(iii) It is interesting to compare behavior of @ on states of the form ~
1+ xYy and ~ 1+ ¢y For the first one we get Q(%(l +n1n2 +m1n3 +
72m3)) = 1 with contribution solely from 3-tangle, but for the second
state we get only contribution from the relative 2-qubit entanglement
and Q((L+m +n2+ms)) = 3.

6.3. Factorization and entanglement measures of
F("]la 72,73, "74)

To detect the possibility factorization one can consider?* family of Wron-
ski 2 x 2 matrices. For functions of four n-variables the determinants
w;j (F(m1,m2,13,Mm4)) are functions of still two 7-variables. We have

w5 (F) = wij (Fly.=n=0) + Mk (Fln=0)mk + Hi(F|n.=o)m + it (F)nem,
(148)
where e.g. 7:(34 =H + 2F3F124 + 2F4F123 - 2F13F24 - 2F14F23 and H. It
is the Cayley determinant given by Eq. (111). As before we use notation
The separability condition in the case of n = 4 can be formulated for
two types of factorization:?* (i-j)(k-1) and (i-j-k)(1)):

(i-j)(k-1): a function F(n1,7n2,7m3,7m4) is factorable into the product of
functions depending on separated pairs of variables F =

GMiy s i, )G (Njy s mjz)s 1 = {insiz}t and J = {j1, 52} TUJ =
{1,2,3,4}, where i1 < i3, j1 < jo then,

wiyj, (F) = 0, (149)

wiy 5, (0iy, F) = 0, (150)
wi,.j, (95, F) = 0, (151)
Wiy 5, (93, 05, F) = 0, (152)

where iy, # iy € I and j; # jp € J.
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(i-j-k)(1): a function F(n1,n2,7n3,74) has decomposition into the product
F =Gy, iy, i3 )G (1) then,

wi, j(F) =0, (153)
Wi, (0s, F) = 0, (154)
Wiy (0, ) = 0, (155)

Wiy (Oiyip F) = 0, (156)

where J = {i1,i2,i3}, J = {j} and as before T U J = {1,2,3,4}; iy, #
i}, # igr. For functions with nonvanishing first component Fy there exists
logarithm In(1 + s(F)) and in such a case factorization conditions are:

0;,05In(1+s(F)) =0, k,i=1,2 (157)
for factorizations of type (i — 7)(k —1) or
9;,0;ln(1+s(F)) =0, k,=1,2,3 (158)

for factorizations of type (i — j — k)(I). We just get special cases of the
analog of the d’Alembert criterion considered in Ref. 18. Let us stress that
criterions written directly in terms of Wronskians of n-function F' are more
general and apply to all n-functions.

For four qubits we can introduce nontrivial 4 x 4 Wronski matrices of
the following form

_( Wy(F) Wi (0kF)
Lij = (Wij (OF) Wij(alakF)> ’ (159)

where (ij) and (lk) are ordered indices, hence ¢ < j, I < k. The numerical
part of these matrices we shall call the body. Such body can be written as
conventional matrix with complex number’s entries, in the following form

o Wij(ﬂ'l’]TkF) Wij(m(“)kF)
Lij = (W,»j (mxOUF) Wiy (910 F) (160)

It turns out that above (L;;) are related to the known in the literature
matrices obtained from the classical invariants theory, namely using results
of Ref. 46 we get

det Lig =N,  det Ly = M, det LV =L, (161)
where LﬁT means partial transposition of the matrix L3

LPT _ <W13(7T27T4F) W13(7T432F))

162
W13(7T284F) W13(8284F) ( )
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The presence of partial transposition is important here, because invariants
L, M, N satisfy the relation*S

L+N+M=0 (163)

Such constraint for Wronski matrices (159) would be problematic. The 7-
function valued determinants of £;; give information about possibility of
factorization and we are interested in all matrices L£;;, however for the
complementary pairs of indices we get the same values of the determinant,
so is enough to comsider e.g.: Lis, Li3, L14. While above conditions of
separability for n = 4 are invertible, we can get much weaker ones using
determinants of 4 x 4 matrices: £;;. It turns out that, a necessary condition
for F(n1,72,73,74) to be factorable into the product G(1:, , i, , 5 )G(1;) is
the following

detLi; =0, k=123 (164)
When F is factorable into a product F = G (1, ,7:,)G(nj,,7;,) then

det L] =0, kl=1,2. (165)
Let us note that for this type of separation of variables we take partial

transposition of £;;. As an illustration let us see the how is detected that
W-state and GHZ-state are not factorable.

(i) For the n = 4 GHZ-state Yguz = %(1 + m112n3na) we have

wij(Yauz) = %nmm (166)
wij (Oarz) =0 (167)
wij (OkOYarz) =0 (168)

We see that here the body (numerical part) of w;; vanishes i.e.
b(wij(Yarz)) = 0, and H(Yeuz) = %, but det £;; = 0 and also
M = N = L = 0. The Wronskians w;; detect the nonfactorability,
and what is important, not only the body of the w;; is important.

(ii) For the n =4 W-state we have (1 + 12 + 13 + 14). Here H(¢w) = 0,

and
wig(ow) = (169)
wij (Opw) =0 (170)

wij (OOppw) = 0. (171)
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For the Werner type state the nonzero term of the w;; is con-
tained in the body of this Wronskian. As before: det £;; = 0 and
M=N=L=0.

Let us recall here that for n = 4 we have reach set of SLOCC inequivalent
entangled states. Namely, there are nine equivallence classes. Classification
was firstly obtained by Verstraete et al. in.>* One introduces the normal
forms to which a given state can be uniquely transformed. Such normal
form can depend on some invariants of SLOCC transformations and in
such case gives family of orbits parametrized by these invariants. There are
also single orbits, related to the parameter independent normal forms. For
example the family of orbits |¥;) originally denoted in the Ref. 54 as G gpeq
is parametrized by four invariants. Using the n-function approach it is easy
to realize that the Ggpeq can be written in the form?2*

12
Gaped =¥1 = —¢§;H)Z+¢GHZ+ + _wGHszGHzf
N ¢(12)¢W+ + Su g (172)

In the following we shall use slightly modified normal forms, proposed
by Chterental and Dokovié.>®> We present below the literal translation to
the n-function form of representatives given by Chterental and Dokovié.??
For convenience of the reader let us firstly recall the states in the form given
in Ref. 53. Namely, in the binary basis they are given as follows

T,) = “+d(|oooo> +1111) + 2= (0011) + [1100))

+ b+c(|o1o1> +110109) + 2= (0110) + [1001)) (173)
Wy) — %uooom L)) + “_Tmuoon) + [1100))

+ %uomm +11010) + %uoum +11001))

+ %(|0001> + [0111) + [1000) + [1110)

— |0010) — [0100) — [1011) — |1101)) (174)

1
|W5) = g(|0000> +[1111) + |0011) + 1100)) + b%(|0101> +[1010))

+ —b; (0110) +1001)) + %(I1101> +10010) — [0001) — [1110))
(175)
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b
0y = a—2i- (10000) + [1111)) 4 b(|0101) + [1010)) 4 (|1001) — |0110))
—b 1
+2 5—(10011) 4 [1100)) + (/0010) + 0100) + [1011) +-[1101)
— |0001) — [0111) — [1000) — |1110)) (176)
[W5) = a(]0000) + [0101) + [1010) + |1111)) — 2i(|0100) — |1001) — |1110))
(177)
' —it1
W) = 2 ;r £(0000) + [1111) + [0011) + 1100)) + %umm)
a—1—1 1+ 1
+[1010)) + =—5——=(/0110) + [1001)) + —=(|1101) +[0010))
- .
+2 5 (10001) 4 [1110)) — %(|0100> +(0111) + |1000) + |1011))
(178)
[W7) = (|0101) — [0110) 4 [1100) + [1111)) + (i + 1)(|1001) + [1010))
— §(]0100) + [0111) + |1101) — |1110)) (179)
|+ 1
Tg) = Z; (/0000) + [1111) — [0010) — [1101))
1
+: 5 (10001) + [1110) — [0011) — 1100))
1
+ 5(10100) + [1001) + [1010) + 0111))
1-2
+ =21 (11000) + [0101) 4 [0110) + |1011)) (180)
1
|Wy) = 5(|0> + 1)) ® (]000) + |011) + |100) + |111)
+(|001) + 010) — [101) — [110))) (181)
It is instructive to see their literal ranslation into the n-function form
a+d - a—d b+c
Uy = 5 e + ?(771772 +m3m) + T(mfls + 1214)
b—c
T (04 + n2m3) (182)
a+c—1i - a—c+i b+c+1
Uy = ———e"+ ————(mm2 +nsm) + ————(mns + n2m)
b—c—i ﬁ

+ T(mm +nam3) + 5 (M1 4+ na + m2m3ma + Mim213

— )2 = 13 — MN3N4 — M7274) (183)



Uy

Wy

U

Vg

Py
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567111724-773?74 + T(nlng + 7]2774) + T(TI17I4 + 772773)

1
+ 5(773 + M72Na — N4 — M17273) (184)

a+b -

. a—>b
5 e+ b(mmns + nana) + i(—n2ns + mna) + T(mnz + N3na)

1
+ 5(772 + M3+ Mn3na + MNana — M — N4 — M2m30a — Mn2m3) (185)

ge’“’”*’“’“ = 2i(n2 + mna — Mm7273) (186)
O patons %ﬂ(mns + 1) + ; = (1213 + mmna)
+ %(% + mn2m) + %(m + mmans) — %(m +n2 + 1m2m304

+ 1m1n374) (187)
MN4 + MN3 + N20a — N2nz + MmN + mn2nana + i(mna + mns

— M2 — 120374 — MN214 + MN213) (188)
i J; ! (€7 — ns — mnama) + %(774 +mm2n3 — M3na — MN2)

+ %(772 + mna -+ mnz + n2n3na + M+ N2mz + N20a + 171037)

—i(m1 + m2na + 1203 + MN3N4) (189)
%e’“ (€™M -1y + m3na 4 4(N3 4 Na — M20a — M213))- (190)

These states can be represented in terms of trigonometric and exponential -
functions. In such a form their symmetry properties are better pronounced.
Namely, we have?*

vy

Uy

e 4 0 costm — ) —costns + ma)) + 2 cosm — )

— cos( 4+ 1) + g (cos(m — ) — cos(m +1s)) (191)

a4 +2c — ieﬁ+ a _2c il (cos(m — m2) — cos(ns +n4))
#(005(771 —n3) —cos(n2 +na)) + %(608(771 —14)

—cos(n2 +13)) + 5(8111(771 +n2 +na) —sin(nz + 13 +14)
+ sin(m + 13 + n4) — sin(ny + 92 + 73)) (192)
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Uy :E6711772+773?74 + b+1

(cos(m — n3) — cos(12 + 1))

+ (cos(m — ma) — cos(n2 +13))
1, . )
+ §(sm(171 +ng +n3) —sin(n +n2 +n4)) (193)
a+b - .
Wy =——e" +b(cos(n1 —n3) — cos(nz +n4)) + i(cos(12 — 113)
. . a —
—cos(m + ng) — 2sinny sinns) + (cos(m —n2)
1 . .
— cos(nz + 1)) + 5 (sin(m — 72 — 03 + na) + sin(i +74)
— sin(nz + n3)) (194)
Wy :ge”l”?*”?”"1 — 2i(sinng cos(m + n3) + cos(nm +na) — 1) (195)
) s+ 1
We et + Ze””72+773774 + atitl ; + (cos(n —n3) — cos(na + n4)

a—1—1
2
+14) — sin(n + n2 4+ 14) + sin(nz + 93 + 14

| =.

(cos(n2 —m3) — cos(n1 +na)) + 5 (sin(n + 03

— DN

— sin(n + 72 +13))
1 . .
+ 5(8111(771 +n2 +n3) —sin(n1 + 12 +74)) (196)

W7 =sinn sin(n + n3 + na) + sinne sin(n — ns + n4)
+ i(sin(n2 4 13 + na) + sin(ny — n2 — na) — sin(ny +n2 +n3)) (197)

g Z%(COS(i(nl + 12 +m3 + M) — sin(n + 02 — 03 — M)
+ sin(ny +n2) — sin(n3 + na) + sin(n — n3) + sin(n2 — )
+ %(COS(Ul + m2 4+ n3 4 na) + cos(m + n3 + M)
—cos(n2 —m3) — 2sin(m + 13 — na) +sin(m — n2 +n3)
—sin(n — n2 + n4)) (198)

1 ] .
Uy :56’71“72 cos(nz —na)) + 56"1_"2 sin(nz + 14)) (199)

To measure the degree of entanglement of pure states for n = 4 one in-
troduces various entanglement measures based on invariants. The basic
one is the Cayley determinant H, which as we have already seen has nice
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form in terms of the n-function. As it was shown?* the Wronski matrix for
F(n1,m2,m3,m4) of the form

7‘("(7T¢7TjF) HJ(TQF) 7’{(7‘(’18]F)

Bij - Hi (WjF) 'Hij (F) Hl (@F) y (200)

where the H, H; and 7:(17 are taken in appropriate form for n-functions with
n = 2,3,4 variables. Taking determinants for matrices B12, B3 and Biy
one gets invariants (new in respect to the previously discussed invariants
L, M, N) known from the classical invariant theory and discussed in Ref.
46, which there denoted as Dy, .... Namely,

Dzy = det(Blg), Drz = det(Blg), th = det(814) (201)
The equation (163) yields the relation
L+ M? + N* = —2(MN + NL+ ML). (202)

To get symmetric invariants it is convenient to introduce the following set
of invariants

W = Dgy + Dy, + Dy, (203)
Y=L+ M?*+ N?, (204)
M= (L—-M)M~—N)N-L). (205)

Together with the Cayley determinant they form so called Schlafli basis
{H,W,3,1I}. For the n = 4 states Osterloh and Siewert introduced the
entanglement monotones |F;|; ¢ = 1,2,3,4,5. In terms of the the Schlafli
basis they can be written as?8:

Fi = 8(4W - H?) (206)
Fo =16(H* — 4HW — 4(HD, +4LM)) (207)
Fy = 32(H® — 24H?Y — 6411) (208)
Fy = 16(H* — 4HW — 4(HD,. +4LN)) (209)
Fs = 16(H* — 4HW — 4(HD,, +4MN)) (210)

The |F;| for i = 2,4, 5 separately are not symmetric, but their sum yields
the symmetric entanglement monotone

|Fb| = | Fo + Fa + Fs| = 16|3H* — 16HW + 83, (211)

which we prefer as more universal.
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Table 1. Invariants and en-
tanglement monotones |F’a],
F3 evaluated on Ygrz, Yw
and Yow states.

YeHZ Yw  Yow

=
=

|75 3 0 Kl
| 73] 3 0 3
w8 o0 1

72
% 0 0 0
II 0 0 0

Let us evaluate |F3| and |Fj| on the n = 4 stats represented by n-
function

Ye(a) = sinaow + cosacrz (212)

and

Ys(a) = cosapy + sina * Py . (213)

It is interesting that for ¥.(a) we get constant value of above entanglement
measures while for 1,(a) both entanglement monotones vary between zero
and its maximal value for the ,(a) family i.e. |F3(¢s(a))| = 1 sin®(2q))
and |F4(1hs)| = 3sin*(2a). Let us look, at the case of the family 1. ().
These states belong to the family Ggpeq. As we know general n-function
representing such a state can be written in the form given by Eq. (192).
We obtain the ¥.(a) by taking a = cosa + sina, b = sina, ¢ = 0 and
d = cosa — sina. As it is known two states from the one of the nine
families found in Ref. 47 may be in the same orbit, that is why the |F3|
and |F5| are constant for ¢.(a). However it is not generic situation. To see
this, let us move along Ggpeq family, taking parameters such that a = b and

¢ = d. Denoting
2ad \?
(= (a2—|—d2> (214)

O L N (R (] (215)

we have that

and

P (haa)| = 13— 2°C+ | = |(¢ = 1)~ 3)] (216)
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Again, when one of the parameters a or d vanishes, we obtain invariant
| F3(1ad)| and |F5(1aq)|, but otherwise these entanglement monotones vary
for states from the Gupeq. In particular we find states for which above
entanglement measures simultaneously vanish (taking into account (214)
we see that both polynomials have only one, common zero). Hence the
entanglement monotones | Fs|, |F3| indicate that the states

ta = a(e + (cos(m —1s) — cos(i2 +m))) (217)

and

Ya = d(cos(n1 —n2) — cos(nz + n4) + cos(n — 1) — cos(nz +n3)) (218)

do not exhibit genuine four-qubit entanglement. Indeed, v, ~ w‘(,‘l,B)w‘(,‘%‘l)

and g ~ @[JSI?Z gﬁ}z. So, there is only residual two-qubit entanglement.

The question of the proper genuine monotones for the system of n = 4
qubits is still open, but as present analysis shows considered above mono-
tones due to their symmetry properties and behavior on 7-trigonometric
states there is an indication that they are a reasonable candidates.

7. Conclusions

In these notes we make extended exposition of the nilpotent commuting
variables approach to quantum mechanics which provides new tool suitable
for studying the entanglement questions of qubit systems. Qubit has two
dimensional representations and commuting nilpotent variables automati-
cally provide correct properties of the single qubit and multiqubit systems.
Of course one can consider a higher order nilpotency, then in the context of
quantum mechanics we arrive to description of qutrits etc. (cf. contribution
of Mandilara and Akulin to the present volume).

On the other hand, there is developed formalism suitable to describe
classical systems with nilpotent commuting coordinates,?® in analogy to
he psedo-mechanical systems described by anticommuting variables. The
peculiarities of appropriate differential calculus?®2° and an analog of the
variational calculus were studied.?® Hence, by now, various building blocks
of the theory involving nilpotent commuting variables are at hand.

We think that this formalism it is something more then an ad hoc tool,
and given here the n-toolbox might be useful.
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Coherence, or superposition of atomic states gives rise to a plethora of inter-
esting interference effects in the interaction of light and atoms. It drastically
modifies optical properties of atomic media and finds applications in quan-
tum information and metrology. This lecture provides an introduction to the
coherence effects in atomic samples, presents some experiments on quantum
coherences with cold atoms and discusses their possible applications.

Keywords: quantum coherence, cold atoms.

1. Introduction

Introduction of tunable lasers resulted in a rapid development of atomic
physics. Use of these modern light sources providing intense, narrowband,
coherent and tunable light enabled observation of many new phenomena.
With off-the-shelf products one can now study various atomic processes
and reach temperatures much lower than anywhere in the Universe. Ultra
cold atomic samples enable not only high-resolution spectroscopy but also
studies of new phenomena in quantum degenerate gases.

The term coherence, commonly associated with light, also has well es-
tablished meaning of quantum superpositions of atomic states and is usually
divided into the optical coherences (associated with the optical transitions)
and Zeeman coherences (between the magnetic sublevels). The latter might
be created in the meta-stable (ground) states, offering very long lifetimes.

The aim of this lecture is to introduce the coherence effects in atomic
samples, present some experiments on quantum coherences with cold atoms
and discuss their possible applications.



FExperiments on quantum coherence with cold atoms 115

a) b)
€ m—— P,
1
(VY3
g 0

0 t

Figure 1. (a) Two-level atom coupled to the resonant light. (b) Probability of finding
the atom in the excited state as a function of time. The periodic probability oscillations
are the Rabi oscillations (spontaneous emission is neglected here).

2. What is coherence?
2.1. Two-level atom

The simplest system in which atomic coherence can be observed is a two-
level atom (TLA) with ground state |g) and excited state |e), schematically
shown in Fig. 1(a). The state of such a system at any time can be expressed
in the {|e),|g)} basis as

[9(8)) = 9(t) |9) +e(t) le) , (1)

where g(t) and e(t) are the time-dependent coefficients, with normaliza-
tion |g|? + |e|* = 1. The system’s dynamics can be calculated using the
Schrodinger equation and the initial conditions.

Suppose the atom initially in the ground state, i.e., |[¢)) = |g) starts to
interact with the light wave. The solution of this problem is a periodic Rabi
oscillation. Figure 1(b) shows the coherent dynamics of the system, i.e.,
the probability P, = |g(t)|? of finding the atom in the excited state. For a
resonant light, P.(t) is reaching the value of 1 and reduces its amplitude
for the detuned light.

Alternative, and more general, description of the state of the system
can be given in terms of density matrix. The density matrix formalism
becomes particularly useful when dealing with the atomic ensembles where
the number of Schrédinger equations to solve could be very large. The state
of the TLA system in this formalism is described by

_ [ Pag Pge)
p= ) 2

(peg Pee ( )
where p = |¢) (|, while the dynamics are governed by the master equation

1

p=—7[Hpl, (3)
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Figure 2. Illustration of the two-level atom with angular momentum Je. = 1 in the
excited state and Jg = 0 in the ground state coupled to the linearly polarized resonant
light. The linear o polarization is a coherent superposition of the o4 and o_ circular
polarizations that drive the |g) — |4+1) and |g) — |—1) transitions, respectively. The
dashed line represents the Zeeman coherence that is created by the light.

where H is the Hamiltonian and the brackets represent the commutator.
The normalization requires that the trace of this matrix must be equal to
1 and the matrix is hermitian, i.e. peg = py.. Diagonal elements of such a
matrix represent the probability of finding the atom in a given state and
thus are called populations of the states. On the other hand, the off-diagonal
elements are the measure of the co-evolution of the two states and are called
coherences. Since Eq. (1) is the generic form of a superposition state, the
off-diagonal elements of the density matrix, the coherences, are associated
with the superposition states.

2.2. Two-level atom with angular momentum

In this subsection we will extend the TLA model by assuming J.=1 value
of the excited state angular momentum and J, = 0 in the ground state. To
investigate the interaction of light with such a system one has to define a
quantization axis and take into account appropriate selection rules. Suppose
the light is linearly polarized and we choose a quantization axis along its
propagation direction, as shown in Fig. 2. In this case the light is o polarized
and it is useful to treat this polarization as a coherent superposition of the
two circular polarizations, ot and o~, each coupling to its own transition.
The |0) state is not coupled and will be neglected in the following. The
density matrix of such a system has a form:

Pgg Pg— Pg+
p=|p-gp—p-y |- (4)

Ptg P+— P++
Without going into calculations,! the immediate result would be a non-zero
value of the optical coherences p,— and pg4 as in Sec. 2.1. However, the
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Figure 3. Illustration of the two-level atom with non-zero angular momenta in both
ground and excited states (a) and possible coherences arrangements: independent A
systems (b), V-like system (c), double A with Am = 4 coherence (d).

solution of the master equation leads also to a non-zero value of the p_
coherence, which is a result of the simultaneous and coherent driving of
the two optical transitions. The emerging coherence between two magnetic
sublevels is named the Zeeman coherence and corresponds to the

[@(8)) = a(t) |[=1) +b(t) [+1) (5)

superposition state. It has a characteristic time dependence which is an
important experimental signature in the form of

)
p—+ exp | = (Bp1 = E1)t) (6)

where F; is the energy of the |+1) state.

The single, linearly polarized photon can create Zeeman coherence be-
tween sublevels differing by 2 in their magnetic number (Am = 2). However,
one can now extend this model to higher angular momentum structures,
both in the ground and excited states, as well as multi-photon interactions.
Figure 3 shows the possible scenarios for the Jg, J. = 2 atom. Firstly, the
independent A-like systems can be formed leading to the three Zeeman co-
herences in the ground state. Analogously, the V-like structures lead to the
existence of Zeeman coherences in the excited state. Finally, the Am = 4
coherence may arise as a multi-photon process, in which the coherence is
generated firstly between pairs of Zeeman sublevels with Am = 2 and then
subsequent interactions merge them into a new one.

3. Manifestation of the coherence

The existence of coherence in a given quantum system may lead to an im-
portant modification of the optical properties of the macroscopic medium.
The common examples are the slow (or stopped) light experiments,? elec-
tromagnetically induced transparency,® etc. In this section several types of
related experiments are discussed.
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Figure 4. Illustration of the light scattering experiment in which atom is excited by
the linearly polarized light and laterally emitted fluorescent light is detected. (a) the
arrangement, (b) schematics of the atomic structure with excitation (solid red arrows)
and fluorescence (empty black arrows) paths and Zeeman coherence between the |+1 >

sublevels (broken blue line), (c) the same paths, shown to resemble Young’s double slit
experiment.

3.1. Light scattering

Perhaps the simplest experiment in which the Zeeman coherence can be
observed is the scattering of the light shown in Fig. 4 which is based on
measuring intensity of resonance fluorescence vs. the magnetic field inten-
sity (the Hanle effect®®). The linearly polarized light creates a coherence
in the excited state of the J; = 0, J. = 1 atom (broken line in Fig. 4). The
intensity I of the fluorescence light is then given by

13" |1 D19, (7)

‘ 2

where D stands for the dipole moment operator, |®) is given by Eq. (5) and
the sum goes over all possible final states. In our case, the only possible
final state is |g), and the intensity becomes

I p—|Dg-1|* + pst|Dgia* + p— 4Dy 1Dy + py-Dgia D1, (8)

I, Ip) Iz

where I15 is the interference term which represents the coherence contri-

bution to the scattered light intensity. It can be shown that the Zeeman
coherence has an amplitude given by

et i

4 X exp |——

B B, i Pk

p (By1— Eoa)t], (9)
where «y is the coherence decay rate (the inverse of the lifetime 7). Thus,
by changing the energies of the |+1) levels, e.g. by a magnetic field, it is
possible to vary the contribution of the interference term to the scattered
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Figure 5. Intensity of the scattered light as a function of the magnetic field.

light. In the case of degenerate levels, the coherence remains stationary and
has the maximal (yet decaying) amplitude

e—z'yt

Py X it (10)
If the Zeeman sublevels degeneracy is lifted by the applied magnetic field B,
the coherence is oscillating. In the experiment where continuous wave light
beam is interacting with an atomic ensemble, it is necessary to perform
averaging over time, as the coherence in individual atoms is created at
random times and evolves during lifetime 7. As a result, the fluorescence
intensity varies by Al which has a form of a Lorentzian resonance centered

at B = 0 when plotted as a function of the magnetic field (Fig. 5).

3.2. Electromagnetically induced transparency

One of the most popular coherence effects is known as the electromagneti-
cally induced transparency (EIT).? The idea behind the effect is such that
sufficiently strong and resonant light may induce a spectral transparency
window for the other light beam. The effect is most often observed in a
three-level cascade system with a strong light field resonantly coupling the
upper atomic states and a weak light probing absorption on the transition
between the lower states. Figure 6 (a) shows an exemplary three-level sys-
tem in which another kind of EIT can be observed, associated with the,
so called, coherent population trapping, CPT.% In this case, two beams of
the opposite helicity are coupling the m = 1 and m = —1 magnetic sub-
levels with the single excited state. If the beams are sufficiently strong,
the observed absorption and dispersion spectra for either of the beams are
strongly modified, as seen in Fig. 6 (b).

The modification of the absorption and dispersion profiles results from
existence of the coherence between the two ground states introduced by
the presence of both laser beams and has far-reaching consequences. Rapid
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Figure 6. (a) Schematics of the energy levels structure without (left) and with the
magnetic field (right). (b) Absorption coefficient k and refractive index n spectra without
(blue) and with (red) the coherence of the ground-state sublevels.

change of the refractive index with the light frequency results in modifi-
cation of the group velocity of light that passes through the medium. EIT
experiments showed group velocities as low as 8 m/s in a thermal sample
of rubidium vapor.”

3.3. Nonlinear Faraday Effect

Linear Faraday effect (LFE) is a well-known magneto-optical phenomenon,
in which the light polarization plane rotates when propagating through a
medium in a longitudinal magnetic field. The difference of the refractive
indices ny for the oy and o_ circular polarizations results in different
phases acquired by the two helicities over the sample length [ and, as a
consequence, in the rotation of the linear polarization plane

2m
0= (ny — n_)ZT, (11)

where A is the light wavelength. The dependence of 6 on the magnetic field is
hidden here in the difference of the refractive indices. For a given wavelength
and a medium without resonant transitions this can be expressed in a form

0 =VIB, (12)

where B is the magnetic field strength and V is the material (Verdet)
constant. On the other hand, for the near-resonant light, Eq. (11) yields a
familiar Faraday angle dependence on the magnetic field

0(B) x Aw(B)

B + 774 "
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where «y is the transition linewidth and Aw is the shift of the transition
frequency for one of the circular polarizations. For not-too-strong magnetic
fields the latter is linear in the magnetic field and thus the rotation ampli-
tude has a form of a dispersive Lorentzian with the width corresponding to
the optical transition width, Doppler-broadened in the case of gas samples.
The asymmetric §(B) dependence is called the Faraday resonance. In the
central part, the resonance curve can be approximated with a straight line
the slope of which has a meaning of the Verdet constant. It is particularly
important for magnetometric applications. The slope increases with the in-
creasing amplitude and decreasing width of the 6(B) curve yielding better
accuracy of the magnetic field measurement. Typically, the resonant atomic
gas samples have Verdet constants a few orders of magnitude higher than
non-resonant solid-state samples, even though typical atomic densities are
only on the order of 10% — 10'° at/cm?.

Application of strong, resonant light might additionally result in the cre-
ation of coherence between Zeeman sublevels of the ground state.!'® Their
presence manifests in the magneto-optical rotation resonances similar to
that in LFE, however, having much narrower widths due to the longer life-
times of the atomic ground states (Fig. 7).

For resonant excitation, rotation angle # is a measure of circular birefrin-
gence, 0 o< (ny —n_), where ny are the refractive indices for ¢& polarized
light and

ne —1oc &1 Z Re d(i)peg)) (14)

€9

with € being the light electric field amphtude di the matrix element of
the dipole moment associated with the o —polarlzed light-beam compo-
nents, and peig the related density matrix elements. The summation goes
over all ground- and excited-state sublevels g and e linked by the allowed
transitions. In the stationary regime, p.4 can be expressed as

1
() - = } : (£) _ (£)
peg B eg - ZF/Q e'g’ (Qegl pg’g pee’Qe/g) ’ (15)

where o5 and 2,3 denote respectively the light detuning and Rabi fre-
quency for the a < [ transition, and I'/2 is the relaxation rate of the
optical coherence. The polarization index =+ is related with magnetic quan-
tum numbers of states e, g by standard selection rules for polarized light.
Relations (14, 15) indicate that optical coherences, and consequently also
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Figure 7. Rotation angle versus magnetic field. The central, narrow structure is the
nonlinear Faraday rotation resonance.

the refractive indices and rotation angle, depend on the density matrix ele-
ments pyrg and peor which represent populations of and coherences between
Zeeman sublevels of the ground and excited states. For not-too-strong light,
the excited-state coherences are negligible and the rotation signal becomes
sensitive mainly to the ground-state coherences.

Main decoherence processes for the atomic vapor samples are the atomic
collisions or collisions with the vapor cell walls. Diluted atomic vapor in a
buffer-gas or a paraffin-coated vapor cells can reach coherence life-times as
long as a fraction of a second, that results in puG-wide resonances, which
can be used for ultra-sensitive measurements of the magnetic field. Current
state-of-art optical magnetometers have a sensitivity comparable to that
of superconducting quantum interference devices (SQUIDs) and the Verdet
constant reaches 10! rad/T-m.1?

4. Nonlinear Faraday Effect with cold atoms

The nonlinear Faraday effect (NFE) has been widely studied in alkali-metal
atomic vapor cells.! However, the use of cold atomic samples at temper-
atures of tens of uK offers some advantages over the room-temperature
experiments. Firstly, the negligibility of the Doppler broadening allows for
precise addressing of a single optical transition. Moreover, the cold samples
offer low relaxation rates and high spatial resolution as they are typically
confined in a small volume of the trap. Finally, depending on the trapping
procedure, a range of optical depths of the sample can be achieved (typically
1-100). On the other hand, cold-atom experiments have also their disadvan-
tages. Not only they are more technically challenging (laser cooling, trap
switching, etc.) but are also more prone to various systematic errors, such
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Figure 8. Nonlinear Faraday rotation in a cold-atom sample recorded at 2 ms of probing
time. The wide structure is the linear- and the narrow central resonance is the nonlinear
Faraday effect. Pictures from Ref. 10.

as caused by light pressure. In the following, we present the results obtained
with the cold-atom sample of 8°Rb released from the magneto-optical trap
(MOT).t0

The experimental sequence, in which NFE signals were recorded con-
sisted of three phases. Firstly, the sample was captured and cooled in a
standard MOT configuration. Subsequently, the cooling (trapping) laser,
as well as the MOT quadrupole magnetic field were switched off. In addi-
tion, during the preparation phase, the magnetic field of a given value was
applied along the probing beam direction (Faraday field). Finally, the prob-
ing beam was switched on and its polarization plane rotation was measured.
After typically 10 ms, the probing beam and Faraday field were switched
off and the trap fields were switched on to recapture the expanding atomic
cloud. The sequence was repeated for each Faraday field value.

Typical resonance observed in the experiment is shown in Fig. 8. It
consists of a wide structure of about 10 G width associated with a linear
Faraday effect and a central, narrow feature which is a signature of the
nonlinear Faraday rotation. The central resonance of the 20 mG width
corresponds to the presence of Am = 2 coherences in the F' = 3 ground
state of ®Rb.

By using a special time sequence of the light beams and Faraday mag-
netic field, the time evolution of the superposition state could be studied.
Figure 9 depicts typical time dependences obtained for two different light
intensities at B corresponding to the maximum coherence contribution,
compared with the time dependence of a linear Faraday rotation at 3 G.
While the linear signal rises almost instantaneously (within the time reso-
lution of our detector), the NFE signal, i.e. the quantum coherence, needs
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Figure 9. Time dependence of the NFE resonances recorded for two laser powers: 4uW
(magnified 8 times) and 16puW at a magnetic field of 45 mG compared to the LFE
rotation at 3 G. Picture from Ref. 10.

some time to develop. As seen, the time becomes shorter for higher light in-
tensity. Such experiment allows diagnostics of superposition states created
in cold-atom sample and can be useful for applications in quantum informa-
tion and in precision magnetometry. The narrow width of the feature (some
mG with the present setup) shows the potential of NFE with cold atoms
for precision magnetometry with important prospective features: uG sen-
sitivity, large dynamic range (zero-field to several G), and sub-mm spatial
resolution in magnetic field mapping.

4.1. High-field magnetometry

The stationary ground-state coherences are destroyed when Larmor pre-
cession becomes faster than the coherence relaxation time, hence direct
observation of the NFR signals is limited to a very narrow range around
B = 0. For observation of NFE not only around the zero magnetic field it
is necessary to use amplitude modulation of light.'* In this arrangement,
strobed pumping creates the modulated Zeeman coherence and phase sen-
sitive detection is used to extract the magneto-optical rotation amplitude.
In addition to the zero-field resonance, two other resonances appear in the
demodulated rotation signal when the modulation frequency §2,, matches
+ twice Larmor precession frequency in a given magnetic field. These high-
field resonances result from the optical pumping synchronous with the Lar-
mor precession. The width of these resonances is determined by the co-
herence lifetime and, in case of long-lived ground states, can be as narrow
as the zero field resonance. Figure 10 shows NFE signal with two AMOR
resonances at £3 G that are the evidence of driving |Am| = 2 coherences
at non-zero magnetic fields. Presence of such high-field resonances allows
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Figure 10. Nonlinear Faraday rotation with amplitude modulated light (AMOR) in a
cold-atom sample. The plot shows the square of the rotation angle. The side resonances
occur when the modulation frequency equals twice the Larmor frequency in a given
magnetic field. Picture from Ref. 10.

for precision magnetometry of non-zero magnetic fields.

5. Quantum state engineering and quantum degeneracy

Various techniques of quantum state engineering, i.e. controlling the
quantum-state superpositions, have been developed for hot atomic vapor
samples. They include creation and selective detection of coherences with
specific Am including higher-order coherences with Am > 2,213 compe-
tition between NFE and EIT,' and superposition of various coherences.®
Most of these techniques should also be useful in experiments with cold
atoms. One important requirement is the reduction of all factors limiting
the coherence lifetime. A promising solution is the application of optical
dipole traps for such experiments.

An exciting emerging field of research on quantum coherence is experi-
ments in the quantum-degeneracy regime, e.g. with the Bose-Einstein con-
densate (BEC) in which superposition states of matter-waves can be stud-
ied. EIT has been directly measured in a pump-probe experiment in a BEC
by Ahufinger et al.'® It has been also applied by L. Hau and coworkers
for spectacular “slow and halted light” experiments!” and demonstration

of quantum memory with about 1 sec storing time.'®

6. Conclusions

The atomic superposition states (coherences) can be created and manipu-
lated with a high degree of control and reproducibility. Since such states
are pivotal for quantum information, the related experiments pave the way
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to realization of many ideas of quantum information. On the other hand,

there are many practical applications of coherently prepared media. One

specific field is quantum magnetometry. Cold atoms allow for extending
the coherence lifetimes and make it possible to study the phenomena with
quantum-degenerate matter waves.
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The dynamical creation of entanglement between three-level atoms coupled
to the common vacuum is investigated. We show that in the case of closely
separated atoms collective damping can generate robust entanglement of the
asymptotic states. For a large class of initial states the asymptotic entangle-
ment is distillable.
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1. Introduction

Dynamical creation of entanglement by the indirect interaction between
otherwise decoupled systems has been studied by many researchers mainly
in the case of two-level atoms interacting with the common vacuum. When
the two atoms are separated by a distance small compared to the radia-
tion wave length A, there is a substantial probability that a photon emitted
by one atom will be absorbed by the other and the resulting process of
photon exchange produces correlations between the atoms. Such correla-
tions may cause that initially separable states become entangled (see e.g.
Refs. 1-4). The case of three-level atoms is very interesting for many rea-
sons. First of all, in a system of coupled multi-level atoms having closely
lying energy states and interacting with the vacuum, quantum interference
between different radiative transitions can occur, resulting in coherences in
a system which are known as vacuum-induced coherences. Beside the usual
effects such as collective damping and dipole-dipole interaction involving
non-orthogonal transition dipole moments, > radiative coupling can pro-
duce here a new interference effect in the spontaneous emission. This effect
manifests by the cross coupling between radiative transitions with orthogo-
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nal dipole moments 7 and is strongly dependent on the relative orientation
of the atoms. 9 All such collective properties of the system influence the
quantum dynamics, which can significantly differ from a corresponding sin-
gle atom dynamics. On the other hand, the theory of entanglement between
the pairs of such atoms is much more complex then in the case of qubits. As
is well known, there is no simple necessary and sufficient condition of entan-
glement, since the Peres-Horodecki separability criterion 011
that the states which are not positive after partial transposition (NPPT
states) are entangled. But there can exist entangled states which are pos-
itive after this operation and such states are not distillable. ' Hence all
entangled states can be divided into two classes, one contains free entangled
states that can be distilled using local operations and classical communica-
tion (LOCC) and the other consist of bound entangled states for which no
LOCC strategy can be used to extract pure state entanglement.

In this paper we review the results concerning the dynamics of entangle-
ment between three-level atoms with vacuum induced coherences, obtained
in Refs. 13 and 14. We have shown there that for small distance between
the atoms the system decays to a stationary state which can be entangled,
even if the initial state was separable. ® On the other hand, if the dis-
tance is comparable to the radiation wavelength, the dynamics brings all
initial states into the asymptotic state in which both atoms are in their
ground states but still there can be some transient entanglement between
the atoms. 4

In the present paper, we focus on the process of dynamical creation of
distillable entanglement due to the collective damping and cross coupling
between the three-level atoms. For the specific initial states and small in-
teratomic distance we show that the asymptotic states are both entangled
and distillable. It happens also for some bound entangled initial state. Thus
we show that the physical process of spontaneous emission can transform
initial bound entanglement into free distillable entanglement of the asymp-
totic state. For larger distances, the dynamics of this initial state is very
peculiar: the system very quickly disentangle and only after some finite
time there suddenly appears a distillable entanglement. (The similar phe-
nomenon of delayed sudden birth of entanglement was observed in the case
of two-level atoms. 16) So also in this situation the creation of transient
distillable entanglement occurs.

only shows
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2. Mixed-state entanglement and distillation
2.1. Dastillability of entanglement

Distillability of mixed entangled state p is the property that enables to
convert n copies of p into less number of k£ copies of maximally entangled
pure state by means of LOCC.17 It is known that all pure entangled states
can be reversibly distilled '® and any mixed two-qubit entangled state is
also distillable. 1° In general case, the following necessary and sufficient
condition for entanglement distillation was shown in Ref. 12 : the state p
is distillable if and only if there exists n such that p is n-copy distillable
i.e. p®" can be filtered to a two-qubit entangled state. This condition is
however hard to apply, since conclusions based on a few copies may be
misleading. 20 More practical but not necessary condition is based on the
reduction criterion of separability. 2! The criterion can be stated as follows:
if a bipartite state p of a compound system AB is separable, then

pa®@Ll—p>0 and 1®pp—p>0 (1)
where

pa=trgp, pp=trap
As was shown in Ref. 22, any state that violates (1) is distillable, so if

pa®l—p20 or 1®pp—pZ0 (2)

the state p can be distilled. The condition (2) is easy to check and we will
use it in our discussion of dynamical aspects of distillability.

2.2. Peres-Horodecki criterion and bound entanglement

To detect entangled states of two qutrits, we apply Peres-Horodecki crite-
rion of separability. %! From this criterion follows that any state p for
which its partial transposition pP'* is non-positive (NPPT state), is entan-
gled. One defines also negativity of the state p as

PT|
N(p) = e = Q

N(p) is equal to the absolute value of the sum of the negative eigenvalues of
pP'T and is an entanglement monotone,?? however it cannot detect entangled
states which are positive under partial transposition (PPT states). Such
states exist 2* and as was shown in Ref. 12, are not distillable. They are
called bound entangled PPT states. Up to now, it is not known if there exist

bound entangled NPPT states.??
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To detect some of bound entangled PPT states we can use the realign-
ment criterion of separability. 26:2” The criterion states that for any sepa-
rable state p of a compound system, the matrix R(p) with elements

(m| ® (u|R(p)In) @ |[v) = (m| @ (n| p|p) @ |v) (4)
has a trace norm not greater then 1. So if the realignment negativity defined
by

()

Ni(p) = max (0, [[R(p)Jes — 1 )

2

is greater then zero, the state p is entangled. In the case of two qubits, the
measure (5) cannot detect all NPPT states, 28 but for larger dimension the
criterion is capable of detecting some bound entangled PPT states. 26

3. Time evolution of three-level atoms

To study the dynamics of entanglement between three-level atoms we con-
sider the model introduced by Agarwal and Patnaik. © We start with the
short description of the model. Consider two identical three-level atoms (A
and B) in the V' configuration. The atoms have two near-degenerate excited
states 1), |24) (@ = A, B) and ground states |3,,). Assume that the atoms
interact with the common vacuum and that transition dipole moments of
atom A are parallel to the transition dipole moments of atom B. Due to this
interaction, the process of spontaneous emission from two excited levels to
the ground state take place in each individual atom but a direct transition
between excited levels is not possible. Moreover, the coupling between two
atoms can be produced by the exchange of the photons, but in such atomic
system there is also possible the radiative process in which atom A in the
excited state |14) loses its excitation which in turn excites atom B to the
state |2p). This effect manifests by the cross coupling between radiation
transitions with orthogonal dipole moments. The evolution of this atomic

system can be described by the following master equation 7
d
d—f = (LA + LB + L4B)p (6)
where for « = A, B we have
2
L% = Z Vi3 (203kQPOK3Q — Ta3003KQP — POK3IAT3EL) (7)

k=1
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and

2
_ « Ele] o« o«
p= § Dis (205,0053" — o3’ 05,0 — pogs osy)

- A B, B _A
+ § Qs 07303 + 04305, 0]
k=1

(e} le? mle% (0 mle% (e}
+ Tye E (2051p023" — 093" 051p — pogs' oSy
a=A,B

« le? nle e} —x __(x
+ 20550013 — 013'055p — po13 05s)

+ 1 Qe Z [095031" + 053013", p]
a=A,B
In the equations (7) and (8), ~a is A for « = B and B for a = A, 0§} is
the transition operator from |kqo) to |jo) and the coefficient ;3 represents
the single atom spontaneous-decay rate from the state [j) ( j = 1,2 ) to
the state |3). Since the states |1,) and |2,,) are closely lying, the transition
frequencies w13 and wsg satisfy

W13 = W23 = Wo
Similarly, the spontaneous-decay rates

Y13 = Y23 =Y

The coeflicients I'j3 and 2,3 are related to the coupling between two atoms
and are the collective damping and the dipole-dipole interaction potential,
respectively. The coherence terms I',. and €2,. are cross coupling coeffi-
cients, which couple a pair of orthogonal dipoles. Detailed analysis shows
the cross coupling between two atoms strongly depend on the relative orien-
tation of the atoms and there are such configurations of the atomic system
that I';,. = 9, = 0 and the other configurations for which 'y # 0, €, # 0.
Moreover, all the coupling coefficients are small for large distance R between
the atoms and tend to zero for R — oo. On the other hand, when R — 0,
Q13, Q93 and . diverge, whereas

I3, T2g3 — 7, and Tye —0

The time evolution of the initial state of the system is given by the semi-
group {7} }+>0 of completely positive mappings acting on density matrices,
generated by LA 4+ LB 4+ LAB. The properties of the semi-group crucially
depends on the distance R between the atoms and the geometry of the
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system. Irrespective to the geometry, when R is large compared to the ra-
diation wavelength, the semi-group {7}}:>0 is uniquely relaxing with the
asymptotic state [34) ® |35). Thus, for any initial state its entanglement
asymptotically approaches 0. But still there can be some transient entan-
glement between the atoms. On the other hand, in the strong correlation
regime (when R — 0), the semi-group is not uniquely relaxing and the
asymptotic stationary states are non-trivial and depend on initial condi-
tions. The explicit form of the asymptotic state p,s for any initial state p
with matrix elements pg; (with respect to the canonical basis) was found
in Ref. 13. It is given by

00 000 0 0O O O
00 000 0 O O O
00 z00 2z —x —2 w
00 000 0 0O O O
Pas=100 000 O O O O (9)
00 z00 vy —z -y w
00—-200—-2 o 2z -—w
00-z00-y Zz y —w
00 w00 7 -w-v t
where
1
33:g(1022+2P33+p44+2077—2Rep24—4Rep37)
1
£=7 (P36 — p3s — pr6 + prs)
1
w:Z(p26+/)28+2p39_p46_P48_2p79) (10)
1
y=g(p22+ﬂ44+2066+2p88—2Rep24—4Rep68)
1
U:1(‘/’23—P27+p43+P47+2p69—2p89)
and

t=1-2x—2y

To get some insight into the process of creation of non-trivial asymptotic
state pas, it may be useful to consider the basis of collective states in C?,
given by the doubly excited states

le1) =[14) ® |1p), le2) = [24) ®[2p)
the ground state
l9) = 134) ® [3B)
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and generalized symmetric and antisymmetric Dicke states
sk) =
Skl) = NG
1
|ar) = 7
where k,1 = 1,2,3;k < I. The states (11) are entangled, but in contrast
to the case of two-level atoms, they are not maximally entangled. One can
also check that the doubly excited states |e1), |e2) and the symmetric Dicke
states |sg) decay to the ground state |g), whereas antisymmetric states
|a13) and |ags) decouple from the environment and therefore are stable.
Moreover, the state |a12) is not stable, but it is asymptotically non-trivial.
Notice that the collective states can be used to the direct characterization
of the asymptotic behaviour of the system. In particular, the parameters
2z and y in (9) are given by the populations in the antisymmetric states
|CL13>, |a23> and |0,12>:

[1ka) @ [lp) +[la) @ [kB)]
(11)
[lka) @ lp) —|la) @ |kp)]

x = — ((a12|plaiz) + 2 (a13|plaiz))

NN

y = — ({a12|plaiz) + 2 (azs|plazs))

The remaining parameters can be computed in terms of the coherences be-
tween the collective states. Since the populations (a13|p|ais) and (ags|p|azs)
are stationary, the states which have the property of trapping the initial
populations in |a13) or |ags), create the non-trivial asymptotic state pas
with the stationary entanglement. On the other hand, the population in
the state |a12) is not stable, but it can be transformed into {(a13|pla13) and
(a9s|plags) in such a way that the values of the parameters z and y are
fixed.

4. Generation of stationary distillable entanglement

As was shown in Ref. 13, the negativity of the asymptotic states (9) can be
obtained analytically in the case of diagonal (i.e. separable) initial states.
For such states, only the parameters z, y and ¢ are non-zero and the asymp-
totic negativity reads

N(pas) = % [ Az + y2) + 82 — t} (12)

Note that every nontrivial asymptotic states from that class is entangled.
Consider now the explicit examples of such behaviour of the system. Let
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the initial state be a pure separable state of the form
It is obvious that the states |14)®|15) and |24) ®|25) decay to the ground
state |g). On the other hand, the initial state |14) ® [35) (atom A in the

excited state and atom B in the ground state) has the population in the
Dicke state |a1s) which is equal to 3, thus for that state

1
t:§ and y=z=w=v=0

and the asymptotic state is entangled with negativity

V2 -1

N(pas) = 1

(14)

Similarly, the state [24) ® |3p) has the population § in the state |azs)
and also produces asymptotic state with the same value of entanglement.
The same behaviour can be observed for the initial states [34) ® |15) and
34) ® |2B).

When two atoms are initially in different excited states i.e. we have the
states |14) ® |2p) or |24) ® |15), then the initial populations in the states
|a13) and |ags) are equal to zero, but the population in the non-stable state
|a12) is non-zero and equals % During the evolution this population is trans-
formed into the states |ai3) and |az3), in such a way that the asymptotic
state p,s satisfies

(a12]pas|aiz) =0

and
1
<a13|pas|a13> = <a23|ﬂas|a23> = Z

Thus the state p,s is also entangled, but its negativity is less then (14) and
equals (v6 — 2)/8.

Now we prove that all asymptotic states corresponding to the diago-
nal initial states are distillable. To do this, we show that such p,s violate
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reduction criterion (1). Indeed, since for these states

00000000
0xz0000000
000000xz00
000y00000
trppas @1 —pas=10000y 0000 (15)
0000000y0
002000a00
00000y0bO
00000000¢c

where
a=1-2z—y, b=1—-x—-2y, c=x+y

and the matrix on the right hand side of (15) has two negative leading
principal minors (other minors are positive), so

teras®]L_pas 20
Similarly
]]-®trApas — Pas 2 0

The interesting examples of nontrivial asymptotic states are given by the
separable initial states where the one atom is in the excited state and the
other is in the ground state or two atoms are in different excited states. In
all such cases, the created entanglement is free and can be distilled.

Now we consider the possibility of creating free stationary entanglement
from the bound initial entanglement. As the initial states we take the family
introduced in Ref. 29

2 5—
pa:?|\IJO><\I/0|+%P++TaP_, 3<a<d (16)
where
3
o) = —= )@ liB),
7 Xl
1
Pi = 2 (Piyeps) + Paaepss) + Paoens)
and
1
P- =2 (Payens) + Paaeks) + Pioepss)
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The states (16) have positive partial transposition but are entangled, as
can be shown by computing the realignment negativity. For p, it is given
by

Na(po) = - (\/30/4’ “ 150+ 19— 1) (17)

21

and is obviously positive for 3 < a < 4.

Although the states (16) are not diagonal, one can check that the cor-
responding asymptotic states have the same form as in the diagonal case.
In fact, for all initial states p, there is only one asymptotic state p,s given
by

9

ﬂczyz3 and t= —
56 14

By the above discussion, this state is entangled and moreover its entangle-
ment is distillable.

5. Delayed creation of distillable entanglement

In this section we study in details the evolution of entanglement of the
bound entangled initial states (16) for 3 < a < 4, beyond the strong corre-
lation regime. In that case, the asymptotic state is trivial, but some tran-
sient entanglement between the atoms can be produced. For simplicity, we
consider such atomic configuration for which the cross coupling coefficients
are equal to zero. One can check that the initial states (16) will evolve into
the states of the form

S
iy
—
e}
iy
928

o O

0 0
0 0
0

)
9]
<

P37

o O O
o O O

P4

'S
oS O O O O

o O O O O

S
Q
—~
~~
~—
I
>
ot
=

o O O
e
ot
v

0
0
0

B
=
=
s
=)
6o

)
3
w
o

pr7
¢ 0
0

o O O
o O O
2 o

OOOOOOO§O
)
(o]
[o2)

0
0
0
0
0

o O
o
=
S
©

Po1 pos 0

where all non-zero matrix elements are time dependent.

Numerical analysis indicates that during the time evolution the realign-
ment negativity (5) of the initial state very rapidly goes to zero, so the
system almost immediately disentangle. To consider possible creation of
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free entanglement, let us first check if PPT condition can be violated dur-
ing such evolution. After taking the partial transposition, the state (18)
becomes

P11 0 0 0 0 0 0 0 P37
0 p22 0 ps O 0O O O O
0 0 ps3 0 0 0 pg 0 O
0 ps1 0 pgg O O O O O
pa®T =10 0 0 0 ps5s 0 0 0 pes (19)
0 0 0 0 0 pss 0 psg O
0 0 po1 0O 0 0 p7z O O
0 0 0 O 0 pgs 0 pgg O
psr 0 0 0 pgg 0 O 0 pog

One can check that determinant d of the matrix (19) equals

d = (p22pas — |p15|%) (p3zprr — |p19|*) (Pespss — |psol?)

) ) (20)
X (011,055099 - P55|P37| - 011|Ps6| )

We can show numerically that (20) changes the sign, since the last factor

0.0008 -

0.0006
0.0004

0.0002}

0.0000¢

o000
0.0 0.2 0.4 0.6 0.8 1.0

Figure 1. The time evolution of the last factor in (20) for the initial state (16) with
a = 3.6 and the interatomic distance R = 0.2 \.

is positive for all ¢ < ¢y and becomes negative if ¢t > ¢y, for some ty > 0,
and the remaining factors are positive. Moreover, all other leading principal
minors of the matrix (19) are always positive. So the evolution of the bound
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entangled state (16) has the interesting property: for all ¢ < ¢ty the states
pa(t) are PPT and then suddenly they become NPPT states (see Fig. 1).

Now we discuss distillability of the states p, (t). Since we cannot exclude
the possibility that there are NPPT states which are non-distillable, we
try to apply the reduction criterion of entanglement. As we know from
the discussion in Sect. 2, any state violating this criterion is necessarily
distillable. By direct computations we show that the matrix

trp pa(t) © 1 — pa(t)

equals to
T11 0 0 0 —pP15 0 0 0 —pP19
0 790 0 0 O 0 0 0 0
0 0 7r33 O 0 0 —p3r O 0
0 0 0 744 O 0 0 0 0
—pP15 0 0 0 55 0 0 0 —pP59 (21)
0 0 0 0 0 7 0 —pgs O
0 0 —pm3 0 O 0 7y 0 0
0 0 0 0 0 —pgg 0O 1rgg O
—po1 0 0 0 —pgs O O 0 7o
where

p11+ p22 +p33 — prk, k=1,2,3
Tk = § Paa + P55 + pec — Prk, k=4,5,6 (22)
P77+ pss + pog — prk, k=7,8,9

We compute that leading principal minors of the matrix (21) which can
change the sign during the evolution, and find the following expressions

ms =T227T33T44 (7‘117‘55 - |pl5|2)

me =To273374a766 (T11755 — |p15]%)
- ) ) (23)
my =T22744766 (r11755 — |p15|”) (133777 — |p3r|”)

mg =T22T44 (7‘117‘55 - |Pl5|2) (7’337”77 - |PB7|2) (7‘667"88 - |p68|2)

where my, for k = 5,6,7,8 are determinants of principal & x k submatrices
of the matrix (21). It turns out that the factor ri1755 — |p15|? is always
positive, but as follows from the numerical analysis, 733777 — |p37|* as well
as re6Tss — |pes|® change the sign during the evolution (see Fig. 2). Let tp
be the time at which the factor rgsrss — |pes|? changes the sign. We see that
tp > 0, so only after that time the matrix (21) becomes non-positive. It
means that for ¢ > tp, the states p,(t) are necessarily distillable. One can
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006/ .

0.02 . .

0.00¢

0.0 0.2 0.4 0.6 0.8 1.0
7

Figure 2. The time evolution of r33r77 — |p37|? (dotted line) and regrss — |pes|? (solid
line) for the initial state (16) with & = 3.6 and R = 0.2 \.

check that tp > ty, and we see that the initial bound entangled state (16)
evolves in the remarkable way: for all ¢t < ¢ty it is PPT, for ty <t < tp it
is NPPT but a priori can be non-distillable and only after ¢tp it becomes
distillable. To show this in the explicit way, let us introduce the measure of
the violation of reduction criterion, defined as

Nred(p) = Imax (07 - )\ineiin) (24)

where A’ is the minimal eigenvalues of the matrix

Pred =trpp @1 —0p

The quantity (24) can be called the reduction negativity of the state p.
For the bound entangled initial state (16) the evolution of negativity and
reduction negativity is given below (Fig. 3). So we observe in the system
the phenomenon of delayed sudden birth of distillable entanglement. The
numerical value of tp depends on the choice of the parameter o and the
interatomic distance R. For the initial state with o = 3.6 and the distance
R = 0.2\, we obtain tpy ~ 0.78 whereas ¢y ~ 0.49.

6. Conclusions

We have studied the dynamics of entanglement in the system of three-level
atoms in the V configuration, coupled to the common vacuum. In the case
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0.020;
0.015] ]
0,010

0.005|

0.000 :

0 2
o
Figure 3. The time evolution negativity N (dotted line) and reduction negativity Nyeq
(solid line) for the initial state (16) with o = 3.6 and R = 0.2 \.

of small (compared to the radiation wavelength) separation between the
atoms, the system has nontrivial asymptotic states which can be entangled
even if the initial states were separable. For the large class of separable
initial states the asymptotic states are not only entangled but also distil-
lable. The same is true for some class of bound entangled initial states.
Thus we have shown that the dynamics of the system can transform bound
entanglement into the free distillable entanglement of stationary states. For
the atoms separated by larger distances only some transient entanglement
can exist but still the dynamical generation of entanglement is possible. We
have shown that this happens also for the class of bound entangled initial
states. Moreover we have demonstrated that such states evolve in a very
peculiar way: they almost immediately disentangle after the atoms begin
to interact with the vacuum, then for some finite period of time there is no
entanglement and suddenly at some time the entanglement starts to build
up. But this entanglement a priori can be nondistillable. We have analysed
this problem using the reduction criterion of separability and found that
the free entanglement surely appears in the system after some additional
period of time.
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Entanglement is one of the most important concepts in Quantum Information.
But, mathematically one of the most hard task in quantum theory is to de-
scribe entanglement. Although the progress in this field is remarkable, still the
theory is not complete. In this lecture we describe some aspects of the theory
of positive maps, then the full characterization of PPT states will be given.
Finally, we show how far we are able to classify quantum entanglement.

Keywords: entanglement; positive maps; PPT states; quantum correlations.

1. Introduction

Characterization of quantum entanglement, so also PPT states (states hav-
ing positive partial transposition) and measures of entanglement, is closely
related with the structure of the set of positive maps (see [14], [24]). More-
over, it is also related with a classification of states of a composite system
(see [1], and [15]). The main difficulty in carrying out these tasks is that
the characterization of the structure of positive maps is not complete (see
[30], [24], [22], and [23]).

For simplicity of these notes, which are based on the joint work with T.
Matsuka and M. Ohya (see [25]), we restrict ourselves only to the compos-
ite systems consisting of two parties, i.e. to bipartite systems. The aim of
this lecture is to give an exposition of a characterization of PPT states and
measures of entanglements. To this end, we very briefly outline, most es-
sential for our purposes, aspects of the theory of positive maps. In this part
we also establish our notation and provide the necessary vocabulary. Then,
in Section 3 we will look more closely at PPT-states. We summarize with-
out proofs the full and operational characterization of PPT states, for the
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proofs we refer the reader to [25]. Section 4 is devoted to the quantification
of entanglement, i.e. to a characterization of some useful measures of entan-
glement. It is worth pointing out that the characterization of measurements
of entanglements in terms of Hilbert spaces offers a great simplification (see
Section 4).

However, before going to discuss these matters we must describe some
preliminary notions regarding quantum systems as well as quantum maps.

2. Positive maps

In this section we compile some basic facts on the theory of positive maps
on the ordered structures and an emphasis will be put on algebras of observ-
ables. As most of the papers on Quantum Informations deal with matrix
algebras one could get an impression that such approach is the proper one.
However, it should be recognized that most of the extensions of this ap-
proach to more general situations has been plagued with the difficulties,
e.g. even the standard canonical quantization demands infinite dimensional
Hilbert spaces - although this feature of quantization is a part of the folk-
lore of quantum physics the original credit might be give to Wintner [32]
and Wieland [33]. To find the proper approach it is worth quoting Dirac’s
point of view on the structure of Quantum Theory:

“The states of dynamical variables have to be represented by mathe-
matical quantities of different nature from those ordinarily used in physics.
The new scheme becomes a precise physical theory when all the axioms
and rules of the manipulations governing the mathematical quantities are
specified and when in addition certain laws are laid down connecting physi-
cal facts with the mathematical formalism, so that from any given physical
conditions equations between mathematical quantities may be inferred and
vice versa.” (see [11]) p. 15)

Following Dirac’s recipe, the research done by Birkhoff, von Neumann,
Jordan, Wigner, and Segal (see [5], [12], and [16]) led to the algebraic ap-
proach and algebras of operators came into the game. We emphasize that
M,,(C) and B(H) are basic examples of such algebras (B(H) stands for the
set of all linear bounded operators on a Hilbert space H). Consequently, an
analysis of such fundamental concept as entanglement and its links to pos-
itive maps demands algebraic approach to Quantum Theory. In that way,
the framework of our lecture which is based on operator algebras, should
be clear and natural.

Let us turn to the positive maps. To begin with, let A and B denote
B(H) and B(K) respectively, Ay, = {a € A;a = a*} - the set of all selfadjoint
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elements in A, AT = {a € Ap;a > 0} - the set of all positive elements in
A, and S(A) the set of all states on A, i.e. the set of all linear functionals
@ on A such that ¢(1) =1 and p(a) > 0 for any a € AT. In particular

(An, A™) is an ordered Banach space.

We say that a linear map o : A — B is positive if (A1) C BT. The set of
all (linear, bounded) positive maps « : A — B will be denoted by L1 (A, B).
Clearly, the set L1 (A, B) is a convex set, i.e. the line segment

[, /] ={Aa+(1-Na/; 0<A<1}

is entirely contained in £ (A, B) whenever its endpoints « and o' are in
LT(A,B).

As it was mentioned in Introduction we will consider only bipartite
systems i.e. we are interested in a subclass of composite systems. One of the
basic tools needed for descriptions of such systems is the concept of tensor
product. On the other hand, in his pioneering work on Banach spaces,
Grothendieck!® observed the links between tensor products and mapping
spaces. As our characterization of PPT states stems from the mentioned
links we summarize without proofs the relevant material on tensor products
of Banach spaces.

Let X, Y be Banach spaces. We denote by X ®Y the algebraic tensor
product of X and Y (algebraic tensor product of two vector spaces is defined
as its *-algebraic structure when the factor spaces are *-algebras; so the
topological questions are not considered) We consider the following norm
on XOY

m(u) = inf () _llzillllll : w=) =@y} (1)
i=1 i=1

The norm 7 is called the projective norm. Furthermore, we denote by
X®,;Y the completion of X ®Y with respect to the norm 7 and this Banach
space will be referred as the projective tensor product of the Banach spaces
X and Y.

Denote by B(X x Y') the Banach space of bounded bilinear mappings
from X x Y into the field of scalars with the norm given by ||B|| =
sup{|B(z,y)|;||z|]| < 1,|ly|] < 1}. Note (for all details see [27]), that with
each bounded bilinear form B € B(X x Y') there is an associated operator
Lp € L((X,Y™) defined by < y, Lp(x) >= B(z,y). The mapping B — Lp
is an isometric isomorphism between the spaces B(X x Y) and L(X,Y™).
Hence, there is an identification

(X@:Y) =L(X,Y"), (2)
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such that the action of an operator S : X — Y™ as a linear functional on
X ®, Y is given by

<> a; @y, S>=3 <yi, S > (3)
i=1 i=1

Let us make the following specification in the just given description of
tensor products: X = 2 denotes a norm closed self-adjoint subspace of
bounded operators on a Hilbert space K containing identity operator on
K.Y = % will denote the set of trace class operators on B(H). Moreover
B(H) 2 © — a' € B(H) denotes the transpose map of B(H) with respect
to some orthonormal basis. The set of all linear bounded (positive) maps
¢ : A — B(H) will be denoted by L(A, B(H)) (L(2A,B(H))" respectively).
Finally, we denote by 21 ® ¥ the algebraic tensor product of 2 and ¥ and
denote by A® T its projective tensor product, i.e. the Banach space closure

under the projective norm defined by

2| = inf > [laillllball s 2 =) a;@bi, a; €A, b €T}, (4)

=1 i=1

where || - ||1 stands for the trace norm. Now, we can quote (see [28])

Lemma 2.1. There is an isometric isomorphism ¢ — QNS between
LA, B(H)) and (AR,%)* given by

(@(Z a; ®b;) = Z Tr(¢(ai)b}), (5)
i=1 i=1

where E?:l a; @b, eAOZ. )
Furthermore, ¢ € LA, B(H))™ if and only if ¢ is positive on AT R, TT.

To comment on this result we make

Remark 2.1.

(1) There is no restriction on the dimension of Hilbert space. In other
words, this result can be applied to true quantum systems.

(2) In [29], Stgrmer showed that in the special case when % = M,,(C) and
‘H has dimension equal to n, the above Lemma is a reformulation of
Choi result (cf. [6]-[8]).

Lemma 2.1 offers a characterization of the structure of positive maps
(see [23]). However, this topic exceeds the scope of this lecture and we
won'’t treat it. On the other hand, a modification of Lemma 2.1 (see the



PPT states and measures of entanglement 147

next Section) will be the starting point of our characterization of PPT
(positive partial transposition) states.

3. PPT states

As before, let B(H) denote the set of all linear bounded operators on a
Hilbert space H. The set of all positive elements of B(H) is denoted by
B(H)" and the set of all states on B(H) is denoted by Sp().

Let ¢ : B(H1) — B(H32) be a positive map. For k € N, we consider a
map ¢y : My ® B(H1) — My ® B(Hz2) where M, denotes the algebra of
k x k-matrices with complex entries and ¢ = Ip, ® 9. We say that 1) is k-
positive if the map 1)y, is positive. The map ¢ is said completely positive(CP
for short) when 4 is k-positive for every k € N.

Let us recall that for a Hilbert space £, every normal (so *-weakly
continuous) state ¢(-) on B(L) has the form of ¢(A) = Tr (0A), where g is
a uniquely determined density matriz, i.e. an element of B(£)T such that
Tro=1.

To define PPT states and to discuss their structure we need some more
notations. We fix orthonormal bases {e;}; and {f;}; of the spaces H and K
respectively. For simplicity we will write S, Sy, Sk instead of Sp()ws(K),
SB(1), SB(k), respectively. By B(L£) 3 a — a' € B(L) we denote transpo-
sition maps on B(L) associated with basis {e;} C L. More precisely, such
map is defined as follows. Firstly

Jr = JZ(ei,x)@ = Zmei (6)
gives definition of a conjugation on a Hilbert space L, i.e. J is an antilinear
map J : L — L such that for any e, f € L

(Jfae):(‘]eaf)v J-J=1 (7)
Then, the transposition a — a' is defined as
a—a' = Ja*J = m(a). (8)

A positive map ¥ : B(H) — B(K) is called decomposable if there
are completely positive maps U1, Uy : B(H) — B(K) such that ¥ =
WU, + Uy o0 7y. Let P, Pc and Pp denote the set of all positive, completely
positive and decomposable maps from B(H) to B(K), respectively. Note
that

PcCPpCP (9)
(see also [6]-[9]).
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A state ¢ € S is said to be separable if it can be approximated (in norm)
by states of the form

N
N =) Al ® o

n=1

where N € N, o} € Sy, ¢ € Sk for n = 1,2,...,N, )\, are positive
numbers such that Zﬁ;l A, = 1, and the state p’f ® ©X is defined as
et @ M (A ® B) = ¢lt(A)pX(B) for A € B(H), B € B(K). The set of all
separable states on the algebra B(H) ® B(K) is denoted by Sgcp. A state
which is not in Ssp is called entangled or non-separable.

Finally, let us define the family of PPT (transposable) states on B(H)®
B(K)

S:r={peS:po(lpmn @) €S}

Note that due to the positivity of the transposition 7 every separable state
 is transposable, so

Ssep C S CS. (10)

As PPT states are “dual” to decomposable maps (see [24]) we need an
adaptation of Lemma 2.1 for CP and co-CP maps. In [25], it was showed:

Lemma 3.1. (1) Let B[ B(H),B(K),] stand for the set of all lin-
ear, bounded, normal (so weakly *-continuous) maps from B(H) into
B(H)«. There is an isomorphism v — U between B[ B(H),B(K),] and
(B(H) @ B(K)), given by

*

v <Z ai ®bi> = Tretp(a)bl, a; € B(H), b€ B(K).  (11)

The isomorphism is isometric if ¥ is considered on B(H)®B(K). Further-
more W is positive on (B(H) @ B(K))™ iff ¥ is complete positive.

(2) There is an isomorphism ¢ —— @ between B[ B(H),B(K),] and
(B(H) @ B(K)), given by

® <Zai®bi> = Tri¢(ai) b, ai €B(H), bie B(K).  (12)

The isomorphism is isometric if ® is considered on B(H)®B(K). Further-
more ® is positive on (B(H) @ B(K))" iff ¢ is complete co-positive.
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Lemma 3.1 adduce a reason to define the so called entanglement map-
pings [3], see also [4], [25], and [26]. To this end we will follow Belavkin-
Ohya scheme (B-0O, for short). Let us fix a normal state w on B(H) ® B(K),
i.e. a density matrix ¢ describing a composite state w is fixed. Denote by
> Ailei >< e its spectral decomposition. Finally we define the embedding
Te : K — H®K by

Ten=(®n (13)
where ( € ‘H, n € K. The entanglement operator H
H:H—-HRIK®K (14)
is given by the formula:
HC =30 (ke ® T ) i @ e (15)

where Jygx is a complex conjugation defined by Jygxf =

Jnex (O (e, fe;)) = D (e;, f)e; where {e;} is any CONS (complete or-

thonofrmal system) exte;ding (if necessary) the orthogonal system {e;} de-
termined by the spectral resolution of p. (Jy is defined analogously with
the spectral resolution given by H*H). The entanglement mapping ¢ is
defined as

p(b)=(H*(1®b)H) = JyH* (12b)" HJx. (16)

The properties of the entanglement mapping and its dual were studied
in [25]. In particular, one has (see [25])

Proposition 3.1. The entanglement mapping
(i) ¢* : B(H) — B(K), has the following explicit form

¢* (a) = TrygxHa'H* (17)
(i1) The state w on B(H ® K) can be written as
w(a®b) =Tryap (b) = Tricbe* (a) (18)
where ¢ was defined in (16).

Proposition 3.1 and the fact that, by definition, any PPT state composed
with partial transposition is again a state lead to

Corollary 3.1. PPT states are completely characterized by entanglement
mappings ¢* which are both CP and co-CP.
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Consequently, for an arbitrary but fixed normal state, there exists the
explicit construction of an entanglement map. If this mapping, for given
state, is both CP and co-CP (what is verifiable) the considered state is
PPT. Thus we got operational and complete characterization of the set of
PPT states.

4. Measures of entanglement

As it was mentioned, it is widely known that quantum entanglement is
one of the basic causes of fundamental differences between quantum and
classical mechanics (see [15]). Formally, and in a rather non-constructive
way, an entangled state o was defined through the non-existence of a convex
decomposition (see [31] and the previous Section) i.e. there does not exist
any convex combination gg = Y, p;o; ® o7 such that ¢ would be equal to
Qo-

Here we wish to examine the entanglement in more constructive way.
To this end we review our recent results on quantifying entanglement. It
should be stressed that there are other approaches e.g. see [1], [15] and the
references given there. However, our approach stems from:

(1) the algebraic approach outlined in the first part of Section 2,

(2) the observation that correlations contained in entangled states can not
be expressed in classical terms (see [19], [20]),

(3) two hallmarks of quantumness of a system: the first one is saying that,
contrary to classical mechanics, the set of all states of a quantum sys-
tem is not a simplex. The second one can be formulated as follows: a
restriction of a pure state of a composite system to one of its subsystems
does not need to be pure.

To describe our results, again, we need some preparation. We start with
a brief exposition of Tomita-Takesaki theory (see [17], and [25]). It is well
known that this theory is in the heart of algebraic formalism (for a com-
prehensive account of this theory addressed to physicists we refer Haag’s
book,'6 while the mathematical description can be found in [2], [5], and
[34)].

Let H be a Hilbert space. Define w € Sg(y) as w(a) = Tr ga, where o
is an invertible density matrix, i.e. the state w is a faithful one. As it is
accepted in the physical literature we will frequently identify the state w
with its density matrix g. Denote by (H,,m,$2) the GNS triple associated
with (B(H),w). Then, one has:
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e H, is identified with B(H) where the inner product (-,-) is defined as
(a,b) = Tra*b, a,b € B(H);

e With the above identification: Q = o'/2;

o m(a)) = a; w(a) = (2, 7(a)Q).

e The modular conjugation Jy, is the hermitian involution: Jyao'/? =
oM /2a:

o The modular operator A is equal to the map g-o~!
domain of A is given by {m(a)Q: a € B(H)}.

e The natural cone P is given by

, where the essential

77:c10su1re{A%agl/2 :a>0, aeB(H)}. (19)

The significance of the natural cone P for description of states of a
quantum system follows from the fact that there is the one-to-one corre-
spondence between the natural cone P and the set of normal states on
w(B(H)) described in [10], [5, Theorem 2.5.31], i.e. such that

we(a) = (€,a8), a€BH), eP. (20)

Let us apply the just given scheme to the description of Ssep, and S;.
Firstly, we will present a characterization of S, We consider a composite
system A + B where a subsystem ¢ = A, B is described by (B(K;), P;, 0i)
where P; denotes the natural cone associated with (B(K;), 0;) (cf. [18] and
the just presented description of Tomita-Takeski theory). In [18], using
Tomita-Takesaki approach, we have obtained

Proposition 4.1. There is a one-to-one correspondence between the set of
normalized vectors in Py @ Pp and the set of all separable states, where

Pas®Pp = closure{z akx,(cl) ® x,(€2)7 ar >0, Zak = 1,96,(5) eP;}. (21)
k k

Secondly, we wish to extend this result and to get an analogous charac-
terization of PPT states. Assume for simplicity that the Hilbert space as-
sociated with the second subsystem is finite dimensional i.e. H = C™. Then
the natural cone P,, associated with the composite system (A® B, o1 ® 02)
with faithful states 01, 02 may be realized as

Po = {A i) [aiy] € MF(A)*) (22)

where (A ® B(C™)) = MT(A), Q = Q; ® Q, and obviously, X stands for
the closure of X.
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We will also need (see [17]) the notion of the “transposed cone” P] =
(I ® U)Py, where 7 is transposition on M, (C) while the operator U is
defined as follows

U= Z | Eji)(Eij (23)

We are using the following identification: for the basis {e;}; in C"
consisting of eigenvectors of g3 (wa(-) = Tr{o2-}, we have the basis
{E;; = |e; >< ej]}i; in the GNS Hilbert space associated with (B(C™),ws)
with U defined in terms of that basis). Note that in the same basis one has
the identification of B(C™) with M, (C). We are now in a position to define
the transposed cone P;:

P = AV4{[a;i]Q : [ai] € MF(A)*} (24)

where Q = Q1 ® Qq. In [25] we have proved

Theorem 4.1. Assume that both subsystems are finite dimensional. Then,
there is one-to-one correspondence between the set of PPT states and
P.N0Pr.

To comment Theorem 4.1 we note:

(1) Theorem 4.1 follows from the characterization of P, NP} (for details
and for the discussion about a possible extension of this result to true
quantum systems we refer to [17]).

(2) As U is nontrivial the inclusion P,, NP7 C P, should be, in general,
the proper one.

(3) As P! and P, contain P4 ® Pp, PPT states which are not separable
are characterized by vectors in P, NP7\ P4 ® Pg. Thus, Theorem 4.1
gives a quite effective recipe for a construction of PPT state which is
not a separable one (see [21]).

(4) Similarly, non-PPT states are characterized by vectors in P, \ P, NP’.
Again, this gives a recipe for a construction of non-PPT states.

(5) The above characterization of PPT states can be considered as dual
approach to the characterization obtained by Belavkin and Ohya (see
[3], [4], [25], and [26]).

In [19], [20], working within the algebraic approach, we have introduced
the degree of quantum correlations. To take into account the discussed
hallmarks of quantumness of a system (see the beginning of this Section) we
have used the so called decomposition theory in operator algebras. In other
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words we have worked in the Heisenberg picture. Surprisingly, a repetition
of these ideas, but now in the context of Hilbert spaces, offers a great
simplification. In other words, working in the Schroedinger picture, one
can employ the geometry of Hilbert spaces and exactly this geometry leads
to the simplification. We begin with (cf. [21], [25])

Definition 4.1. Let £ be a vector in the natural cone P,, corresponding
to a normal state of a composite system 1 + 2 (cf. Proposition 4.1 and
Theorem 4.1). Then

(1) Degree of entanglement (or quantum correlations) is given by:

D.(&) = inf{[|€ —nll;n € P1 ® P2} (25)

(2) Degree of genuine entanglement (or genuine quantum correlations) is
defined as

Dyge(§) = inf{ll¢—nllime PNPT} (26)

We will briefly discuss the geometric idea behind this definitions.
The key to the argument is convexity (in Hilbert spaces). Namely, we
observe

(1) Py ® Py C P is a convex subset,

(2) PNPT C P is a convex subset,

(3) the theory of Hilbert spaces says: there exists a unique vector (repre-
senting a separable state) &y € P1 ® Pa, such that D.(§) = || — &oll,

(4) analogously, there exists a unique vector (representing a PPT state)
no € P NP7, such that Dge(&) = || — nol|-

The important point to note here is that we used the well known prop-
erty of convex subsets in a Hilbert space H: fix a vector £ € H, a closed
convex subset W in a Hilbert space H contains the unique vector with the
smallest distance from £. This ensures the existence of vectors & and 7
introduced in (3) and (4) respectively. Furthermore, if we are considering a
vector £ € P\P; ® P, representing an entangled state, then D.(£) measures
how far this state is from “the classical world”. Thus, D.(§) describes how
big amount of quantum correlations is contained in the state. Analogously,
for a vector £ € P\ P NP7, Dye(§) measures how far this state is from
“a world” having classical and weak quantum correlations only (weak as a
PPT state can contain some quantum correlations). This explains the name

of Dge(&).
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Having such classification of entanglement one can ask for its effective-
ness. We have shown in [25] that using Hilbert space geometry and Tomita’s
theory we were able to estimate D.(§) for concrete states (equivalently, for
fixed vectors & in the natural cone). Moreover, degrees D, (§) and Dg.(§) ex-
hibit all expected properties of “well-designed” measures of entanglement.

Concluding, for an entangled (non-PPT state) we are able to find the best
approzimation among separable states (PPT states, respectively). More-
over, this approach offers a classification of entanglement (genuine entan-
glement, respectively). More detailed discussion appeared in [25].
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1. Some group-theory aspects of entanglement

In contrast to the majority of the characteristics of physical systems, quan-
tum entanglement is not something that exists as an actor in reality and
governs dynamics of natural processes. It is rather a concept convenient for
description and understanding of the relation among an entire system and
its parts, than a physical quantity. The description of entanglement relies
on a specific partition of the composite physical system sketched in Fig.1,
which illustrates that the system can often be decomposed into a number of
subsystems in many different ways, each of the subsystems possibly being a
composite system by itself. In order to avoid an ambiguity related to such
a situation, we have to introduce a few definitions. Given a partition of the
composite system into n subsystems, we call each of them an “element” and
characterize it by a single, possibly collective, quantum number. Thus, the
composite system is a collection of the elements. We call this collection an
“assembly” in order to avoid confusion with an “ensemble”, which is usu-
ally understood as a set of all possible realizations of a many-body system
with an associated probability distribution over these realizations. The i-th
element is assumed to have Hilbert space of dimension d;. Qubit, qutrit,
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element O QQ

assembly=ensemble-statistics

Figure 1. First step for the entanglement characterization is to choose a partition: An
assembly consists of elements each of which can be a composite system by itself.

and qudit are widely used names for two-, three-, and d-level elements (with
d; =2, d; =3, and d; = d, respectively).

The term “entanglement” has a transparent qualitative meaning: A pure
state of an assembly is entangled with respect to a chosen partition when
its state vector cannot be represented as a direct product of state vectors of
the elements. This notion can also be extended to generic mixed quantum
states, whereby entanglement is defined by the inability to express the as-
sembly density operator as a probabilistic combination of direct products
of the density operators of the elements, but this issue will not be addressed
here in detail.

We will focus at the question: how to quantitatively characterize mul-
tipartite entanglement for an assembly of many elements in a pure state?
This question can be easily answered for the bipartite setting n = 2 that is,
for an assembly consisting just of two distinguishable elements A and B,
each of arbitrary dimension. In this case, the von Neumann Tr[p4 log p4]
or linear Tr[p?] entropies based on the reduced density operator of either
element, e.g., pa = Trp[|¥) (¥|], may be chosen as entanglement measures
for a pure state |¥) of the assembly. However, already for the tripartite case
n = 3, characterizing and quantifying entanglement becomes much harder.
In fact, there are not one, but many different characteristics of entangle-
ment and, apart from the question “How much?”, one has also to answer the
question “In which way” are different elements entangled? Therefore the
construction of appropriate measures is not unique, and is mostly dictated
by convenience.

The main requirement imposed on the construction is that the entan-
glement characteristics should remain invariant with respect to the local
operations, that are quantum transformations one applies to each element
of the assembly individually. Note that the local operations can be either
unitary or simply invertible, depending on the physical situation under
consideration. The group theory offers a natural language for the situation:
local operations form a subgroup of all possible transformations of the as-
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. coset /0,
Local transformations preserve entanglement

seee

Figure 2. Local transformations move the state vector along an orbit. Coset dimention
of the subgroup of the local transformations (dimensionality of the space orthoganal to
the orbit) determines how many characteristics of the entanglement are required.

pace H.

sembly state vector. Under the action of the subgroup, the state vector of
the system undergoes changes, still remaining within an orbit, that is a
subset O of the overall Hilbert space H. The dimension of the coset H/O,
yields the number of independent invariants identifying a generic orbit (see
Fig.2). Still, there are singular classes of orbits that require special consid-
eration. One may want to directly construct a set of these invariants under
local operations. When dealing with an assembly of k-qubits, this task can
be accomplished in a regular and straightforward way. One considers the
state vector of the assembly ¢, n,...n, in the representation where each in-
dex n; = 0,1 denotes the state of the qubit ¢, and its dual vector w”/1"/2"'”;c

given by the convolution
’ ’ ’ ’ ’ ’
¢n1n2...nk enlnl €n2n2 L. enknk ¢nln2 _— (1)

with the antisymmetric tensors ¢’ of ranks 2. The required invariants are
various convolutions of ¥y, n,..n, and 77[1"3"/2"'"2‘ . The explicit form of these
invariants depends critically on the number of elements in the assembly. It
has a simple form for 2-qubit assembly

I =Yum¥™™ = Yoot11 — Yo1¢10- (2)

For a 3-qubit assembly the situation gets more complicated — five indepen-
dent local invariants exist, namely three real numbers

Il = wkijw*pij"/}pmnw*kmn )

I2 — wikjw*lprMpnw*mkn ,

Ig _ wijkw*ijpwmnpw*mnk , (3)
and the real and the imaginary part of a complex number,
Iy + ils = Yijk Py ™. (4)

The quantity 2|4 + i15| is also known by the name residual entanglement
or 3-tangle 7.
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Similar invariants can still be found for a 4-qubit system. However,
with increasing n, the explicit form of the invariants becomes less and less
tractable and convenient for practical use, since for n > 4 even verification
of functional independence of the chosen invariants may become a computa-
tional challenge. Moreover, no explicit physical meaning can be attributed
to such invariants, while for the elements larger than qubits no analog of
Eq.(1) for the invariants exists to our knowledge. Briefly, explicit construc-
tion of the orbit invariants becomes unpractical for assemblies of more than
a few qubits.

2. Canonic states of an assembly

Fortunately apart of the invariants, there exists another way to identify
an orbit, which the entanglement characterization can rely on. Every orbit
can be represented by a “marker”, which is one of the orbit state vectors
selected according a certain rule. In order to unambiguously attribute a
marker to each orbit, we specify a canonic form of an entangled assembly
state. To this end, we first identify a reference state |O) as a direct product
of the element states (see Fig.3). The latter can be chosen in an arbitrary
way, but for qubits the choice |0), with the lowest energy level occupied, is
the most natural. Thus, the reference state reads |O) = |0,...0). Drawing
parallels with quantum field theories and spin systems, we will call |O) the
“ground” or “vacuum” state.

By applying local unitary operations to a generic quantum state |¥),
we can bring it into the “canonic form” |¥.) corresponding to the max-
imum possible population of the reference state |O). In other words, we
apply a direct product U; ® ... ® U, of local transformations to the
state vector |¥), and choose the transformation parameters to maximize
HO|Uy @ ... ® U, |W)|?. For an assembly of qubits, the local transforma-
tion U(n) = U1 ® ... ® U, satisfying this requirement

O|Uy & ... ® Uy, |W)|* = max

can be seen to be unique up to phase factors multiplying the upper states of
each qubit. These factors can further be specified by the requirement that
all amplitudes of the states where all but one qubits are in the upper state
are real.

However, for a larger size of the elements in the assembly the re-
quirement imposed to the phases is not sufficient for an unambiguous
definition of the canonic state. Nevertheless, one can consider subgroup
Un,—1)=U; ®...Q U, of local transformations acting exclusively in the
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coset H/O,
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Figure 3. Canonic state determined as the orbit state closest to a chosen product state
(say vacuum state) serves as the orbit marker. Within the orbit, it corresponds to the
maximum possible population of the vacuum state, as it is shown at the level scheme
for a 3-qubit assembly. Canonic form of the entangled state for three qubits. By a local
transformation the amplitudes of the lowest excited states and the phases of the second
highest exited states are set to zero. The amplitude of the lowest state is taken as the
common factor determining the normalization and the global phase.

subspace of on the element states other than the ground state. Application
of these transformations will not change the projection of the assembly state
vector at the reference state. In order to uniquely define the canonic state
we have to apply a similar procedure to the excited states of the elements,
namely choose another product reference state (say |[1) = |1,...1)) that
is orthogonal to all the states where at least one of the elements is in the
ground state and maximize the projection of the assembly state vector to
the state |1) within U(n, —1).

Note that if some of the elements are qubits, the procedure of maximiz-
ing the overlap with the state |1) involves exclusively the elements other
than these qubits. After having been performed, it allows one to uniquely
identify the canonic state for qubits and qutrits entering the assembly. Ap-
plication of a similar procedures to the elements of yet higher dimensions
yields at the end a uniquely defined canonic state of the entire assembly. In
Fig.3 we illustrate this for the assemblies of qutrits (a) for the local SU(3)
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Figure 4. Canonic states for the elements other than quibits require more than one
reference product state. One can see this at the example of an assembly of three qutrits
(a) and an assembly comprising three different qudits of d = 3,d = 4, and d = 5 levels

and SL(3) transformations, and for an assembly comprising three elements
of different size (b). For an assembly shown in Fig.4(b) of a five-level system,
a four-level system, and a qutrit, one should consecutively maximize:

(i) the population of the state |0, 0, 0) by the transformations from SU(5)®
SU(4) ® SU(3),

(ii) the population of the state |1, 1, 1) by the transformations from SU (4)®
SU(3) ® SU(2),
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(iii) the population of the state |2, 2, 2) by the transformations from SU(3)®
SU(2),

(iv) the population of the state |3,3,2) by the transformations from the
remaining SU(2) mixing the 3-d and the 4-th excited states of the
five-level system.

Choice of the canonic states uniquely specifies the parameters of local trans-
formations and we thus left only with the number of parameters of the state
vector required exclusively for the entanglement characterization.

3. Extensive characteristics based on nilpotent
polynomials: nilpotential and tanglemeter

Given the canonic state of an orbit, one still needs to characterize entangle-
ment corresponding to this state in an economic and exhaustive way. We
believe that the optimum choice for the purpose is so called extensive char-
acteristics. Thermodynamic potentials linearly scaling with the number of
particles in the system offer examples of extensive characteristics widely
employed in statistical physics. The free energy given by the logarithm of
the partition function is a specific important example. We will introduce
similar characteristics for entangled states in such a way that their values
for a product state coincide with the sum of the corresponding values for
unentangled groups of elements. However, in contrast to thermodynamical
potentials, this technique is based on the notion of nilpotent variables and
functions of these variables, whence the logarithm function transforming
products into sums plays the central role in the construction. An algebraic
variable x is called nilpotent if an integer n exists such that 2 = 0. In the
case of qubits, these variables are naturally provided by creation operators

01
+ _
o; —<00>.

Evidently, (0;7)2 = 0, since the same quantum state cannot be created
twice.

Our approach is based on three main ideas: (i) We express the state
vector of the assembly in terms of a polynomial of creation operators for
elements applied to a reference product state. (i7) Rather than working
with the polynomial of nilpotent variables describing the state, we consider
its logarithm, which is also a nilpotent polynomial. Due to the important
role that this quantity will play throughout the development, we call this
quantity the “nilpotential” henceforth, by analogy to thermodynamic po-
tentials. (473) The nilpotential is not invariant under local transformations,
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being different in general for different states in the same orbit. We there-
fore consider nilpotential of the canonic state of an orbit, which contains
complete information about the entanglement in the assembly. We there-
fore call this quantity the “tanglemeter”. The latter is, by construction,
extremely convenient as an extensive orbit marker: the tanglemeter for an
assembly consisting of several unentangled groups of elements equals the
sum of tanglemeters of these groups.

Let us explain these ideas, in the simplest example of n qubits subject
to the su(2)1 ®...®su(2);...Hsu(2), Lie algebra of local transformations.
As a reference state, we choose the Fock vacuum that is, the state |O) =
|0,0,...,0) with all the qubits being in the ground state. An arbitrary state
|¥) of the assembly may be generated via the action of a polynomial F(o;")

in the nilpotent operators a;r on the Fock vacuum:
> kb ko, k) (5)
{k:}=0,1

= 100..010,0,...0) +¢10..01,0,...0)
+o1.00,1,...0) + ...+ 11 1|11 1)

= (00...0 + to0..107 + ...+ Y0100, + 10,00,
+ o0..1105 o .. +1/)11 0otor  +..)]0)

n

ki
= Y Wkika ok [ (aF)710),
{k;}=0,1 i=1
Here, the subscript ¢ enumerates the qubits, and the operator UZ-’L creates

the state |1) out of the state |0) of i-th qubit. The family of all polynomials
F(O’;r ) forms a ring, which means that it admits addition and multiplication,
but division might be ambiguous. We note that the nilpotent variables
introduced here commute with one another, in contrast to anticommuting
nilpotent (Grassmann) variables widely employed in quantum field theory.

It is convenient to impose a non-standard normalization condition
(O |¥)| =1, that is

F{oi )= > kukus. k1H( f)k (6)

{k;}=0,1 i=1
_ Z /l/)knkn_l...kl ﬁ (O_;i_)k, .
{k:}=0,1 wOO...O =1

Such a normalization is practical, since we mainly work not with F' by itself,
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but with its extensive counterpart — nilpotential — a nilpotent polynomial

f{oh) = [F({o]})] (7)

n

= Z ﬁknkn,l...kln(aj)ki,

{k;}=0,1 i=1

where the coefficients Ok, k, ...k and o, k, ..k can be explicitly related
to each other by expanding In F' in a Taylor series around 1. Since (0;r )2 =0,
this series is a polynomial containing at most 2™ — 1 terms.

In order to uniquely characterize entanglement, as a convenient orbit
marker we take a state |U.),, lying in the orbit O, which is the closest to
the reference state |O) in the inner product sense, that is [(O |¥.),| = max.
Once the state [¥.), is found, we impose the normalization condition
|(O [¥c)o| = 1. The resulting canonic state |¥.), is associated with the
canonic form of the polynomial F,(o;"), which begins with a constant term
equal to 1. Such a choice yields the tanglemeter — uniquely defined as a
nilpotent polynomial f. = In F,.. Both the tanglemeter and nilpotential re-
semble to the eikonal, which is the logarithm of the regular semi-classical
wave function in the position representation, multiplied by —i. The dif-
ference is that in our case no approximation is made: f represents the
logarithm of the exact state vector.

The nilpotential f and the tanglemeter f. have several remarkable prop-
erties: (i) the tanglemeter provides a unique and extensive characterization
of entanglement; (7i) a straightforward entanglement criterion can be stated
in terms of the cross derivatives 92 f/ 8017" 80}: The entanglement crite-
rion: The parts A and B of a binary partition of an assembly of n qubits
are unentangled iff

2
%5{;}):0’ Vk € A,: VYm € B. (8)
In other words, the subsystems A and B of the partition are disentangled
iff faus = fa({zea}l) + fe({zep}), and no cross terms are present in the
tanglemeter. Note that this criterion holds not only for the tanglemeter f.,
but for the nilpotential f as well; (iii) the dynamic equation of motion for
f can be written explicitly and, suggestively, in the rather general case has
the same form as the well-known classical Hamilton-Jacobi equation for the
eikonal.
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4. Number of the parameters characterizing entanglement

Consider n qubits in a generic pure state |¥) of Eq.(5), specified by 2™ com-
plex amplitudes ¥k, ;. &, i.€. by 27+ real numbers. When we take nor-
malization into account and disregard the global phase, there are 27! — 2
real parameters characterizing the assembly state. The first relevant ques-
tion is: What is the maximum number of real numbers needed for the orbit
identification, hence, for entanglement characterization?

As it has already been stated earlier, it is natural to require that any
measure characterizing the intrinsic entanglement in the assembly state
remains invariant under unitary transformations changing the state of each
qubit. A generic SU(2) transformation is the exponential of an element of
the su(2) algebra,

U = expli(c®” P* + oY PY 4+ c* P?)] , 9)

where ¢%, 0¥, and ¢* are Pauli matrices. It depends on the three real
parameters P*, PY, and P?. Therefore, for n qubits the dimension of the
coset H/O, that is the number of different real parameters invariant under
local unitary transformations, reads

Dy, =2"" —pn—2, (10)

where p = 3 the number of the local transformation parameters for single
qubit. To be precise, the counting Eq. (10) is true for n > 2 while the case
n = 2 is special: in spite of the fact that 23 —3-2—2 = 0, there is a nontrivial
invariant of local transformations for two qubits of the form Eq.(2).

The coset dimension also depends on the symmetry group of local oper-
ations. For example, certain applications involving indirect measurements
and known as SLOCC maps rely on a class of local transformations con-
strained only by the requirement of unit determinant. They are described
by the complexification si(2,C) of the su(2) algebra, such that the param-
eters (P7, P!, P?) specifying the transformation of Eq. (9) on each qubit
are now complex numbers. Therefore in Eq.(10) p = 6 for this case.

5. Examples: Canonic forms for two, three, and four qubits
For two qubits the result is immediate
fe = puos o, F.=1+anofof =1+ o507, (11)

where the constant ;1 = (11 can be chosen real. For three qubits, the
canonic forms of F and f also differ only by the unity term,

fe= ﬂ30§0f + ﬁ50§raf + 560;(7; + 570;0;%7? =F —1. (12)
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Figure 5. Correspondence between the tanglemeter coefficients and the energy levels
for two, three and four qubit cases. The states just below the maximum energy state, all
have real coefficients (3.

Here, we have introduced a shorter notation by considering the indices of 3
as binary representation of decimal numbers, 011 — 3, etc. One can make
use of the fact that the variables a;r are defined up to phase factors, and
set 63, ﬂ5, and /66 real.
The tanglemeter for four qubits reads
fe= Baot ol + Bso5of + Poof ol + Bsod of + Bioof o

+ Braofos + Brogofof + psofofof + Buof oy o) (13)

+ Puofogoy + pisof ooy 0y,
while the coefficients «; of the polynomial F, differ from §; only at the last
position

o5 = Bis + 83612 + B5810 + o Fs- (14)

One may note that the sums of the indices of the factors in this expression
are equal. The latter is a general feature for the relationship among the
coefficients « and (: the coefficients « are given by sums of terms, each of
which contains a product of the coefficients § where the sum of the indices
equals the index of a.

The next example corresponds to the first non-trivial case of local SL
symmetry — the three-qubit case. The sl-tanglemeter for a generic three-
qubit state reads

fo = Jgra;af, (15)
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where the coefficient is set to unity by the scale freedom in the definition of
the nilpotent variables. The corresponding wave function F¢ is nothing but
the GHZ state. This shows again that all generic states belong to the same
sl-orbit, which includes this state. There are, however, also three distinct
singular classes of entangled states of measure zero whose tanglemeters do

not involve the product o; o5 o4 and have one of the following forms,

_ o+ + + +
fc=o0507 40507,

_ o+ + + +
fo=o0307 + 05075,

fe=ofof +ofoF.
In this classification, we have only taken into account the states whose tan-
glemeters involve all three a;r such that no qubit is completely disentangled
from the others. For a generic four-qubit state one finds the sl-tanglemeter

fo = Bsofof + Bsod ot + oot of + Beod o (16)

+ + + o+ 4+ +
+510(74 09y +512U4 O3 +515U4 030907 ,

6. Quantum dynamics in terms of the nilpotent
polynomials

One can describe dynamics of an assembly state vector as evolution of the
corresponding polynomials F' and f. As an example illustrating the use-
fulness of the time dependent tanglemeter, we present the evolution of the
tanglemeter coefficients that emerge from implementation of the Grover’s
search algorithm.! It turns out that the only tanglemeter coefficient dif-
ferent from zero stands in front of the product of the creation operators
ot p corresponding to the qubits that are at the state [1) at the end of the
calculation

fc = BG(t) H U;_'
i€R
More specifically, the assembly of qubits that forms the quantum regis-
ter, evolves directly from the initial vacuum state to the final product
state [[ o |O), which corresponds to the solution of the search problem: the
i€R
qubits that belong to a variety R are in the upper state while the rest of the
qubits are in the lower state. The parameter S (¢) linearly increases from
zero at the beginning, to its maximum value 1 in the middle of the process
and then linearly returns back to zero at the end of the calculation, as the
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Figure 6. Execution of the Grover’s search algorithm moves the quantum register di-
rectly from the initial product state to the final product state through a set of entangled
states. States of the set are entangled in such a way that only one of the tanglemeter

coefficient differs from zero. This coefficient is in front of the term [] a;" , where R is
i€ER

the set of qubits that will be in the excited states at the end of the calculation. It linearly

increases with time from zero value at the beginning, takes the maximum value 1 at the

middle of the calculation, and linearly returns back to zero value.

register returns back to a factorizable state. Let us now turn to the general
situation and derive a dynamic equation for the nilpotential of a quantum
assembly. To this end, we focus at infinitesimal transformations, and find
the equations of motion describing the dynamics of the nilpotential under
continuous local and gate operations. It turns out that for an important
class of Hamiltonians supporting universal quantum computation, the dy-
namic equation for the nilpotential acquires a well-known Hamilton-Jacobi
form.

Consider an infinitesimal transformations acting on the state vector
|¥) = F({o;"})|O) and yielding a transformed state F’({o;})/O). One
can formalize the rules allowing one to obtain F’ from F'. Bearing in mind
that 0~|0) = 0 and ¢%|0) = —|0), one can represent the action of o, 07, 0}
operators on the state vector as appropriate differential operations acting
on the polynomials F’ (O';r ). The application of the operator o;r is straight-
forward — it is a direct multiplication: this operation eliminates the terms
that were proportional to a;r prior to the multiplication. The application of
o, is a kind of inverse: it can be considered as a derivative with respect to
the variable o, which eliminates the terms independent of o;% and makes
the terms linear in Jj independent of this variable. Finally, the application
of 07 changes the signs of the terms independent of 0", and leaves intact
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terms linear in o';" . These actions are summarized by the following formulae

U;_F—>O';_F,
oF

o, FF—

L or

o, F — —F + 20, ,
o

while each unitary operation U (¢%,0?,07) acting on the state vector can

(2R e 3

be represented by a differential operator U (a;r , &%, 2(7;r &% — 1) acting

on the polynomial

F':U({Jj,%,QJ?%—l})F, (18)

while for the nilpotential one immediately finds

f' =log <U <{Uf’,aai+,2ojaai+—l}) ef> ) (19)

Note that a generic transformation Eq. (19) of an initially canonic polyno-
mial does not necessarily results in another canonic polynomial.

Consider now an infinitesimal unitary transformation U = 1 —idt H
which is not necessarily local. The increment A f of the nilpotential f sug-
gested by the Eq. (19) reads

Aleog(Uef)—log(ef):log(l—idte*fHef) . (20)

This yields the following dynamic equation for f:

O _ i
g = He'. (21)

For the particular case of the local Hamiltonian

Hy =Y PF(t)o? + PV (t)o!
= 3" B (0o} + B (o (22)

and the binary interaction

Hp = ZGij(t)U‘JrU; ) (23)
0,J
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that together ensure the universal evolution of the qubit assembly, one finds
the explicit equation

) 9 g
i%:;Pﬂmpwﬂ%éé—#%ﬂ] (24)
b 0
+ ZGij(t)Uj_ag—J;‘ <1 - Uj_@a—]:') :
i#j ‘ ‘

Note that Eq. (24) for nilpotential formally resembles the Hamilton-
Jacobi equation for the mechanical action of classical systems with the
Hamiltonian

H =3 [P ()i + B (pi (1= wipy)]

+ 3 Gi(t) [eypi (1 —ipy)] - (25)
i#£]

where p; = df /0o;" plays a role of the momentum, while x; = o;" are the
coordinates. Comparing with the conventional classical Hamilton-Jacobi
equation, the only essential difference is the factor i multiplying the time
derivative and the presence of complex parameters that can be interpreted
as time-dependent forces and masses.

7. Entanglement beyond qubits

The nilpotent polynomials approach may be extended to describe situations
more general than assemblies of qubits. Canonic states of such assemblies
have already been discussed, and now the question is: what one has to
employ in the place of the Pauli operators ¥ in order to construct an ex-
tensive nilpotent characteristic? The construction of nilpotent polynomials
for such systems is based on the so-called Cartan-Weyl decomposition. Here
we illustrate this for qutrits corresponding to local SU (3) symmetry group.
This are eight generators represented by the Gell-Mann A* matrices that
now play role of the Pauli matrices. In particular two matrices

100 1 10 0

NM=(o0-10],28=—1{010 (26)
000 V3\00-2
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play role of 0% and compose so-called Cartan subalgebra L*. Subalgebra of
rising operators LT is comprised of 3 elements,

. 010
1 2
s+:%= 000 |, (27)
000
001
4 4 ;)5
u+:%: 000 |, (28)
000
000
A6 4+ N
t+=%= 001 |, (29)
000

and only two of them, the commuting pair u+ and tT, are required for
construction of the nilpotent polynomials.
A generic pure state of a qutrit may be represented as

|[¥0) = 0]0) + ¥1]1) + 12|2) = (o + 1t + hou') |0), (30)

with
0 0 1
o=(o),Hy=(1],12)=(0], (31)
1 0 0

which generalizes a similar representation for the qubit pure states. Note
that even for larger d, such a set of d—1 = r commuting nilpotent operators
always exists, allowing one to express a generic qudit state as a first-order
polynomial of commuting nilpotent variables.

The state of n qutrits can then be written as

n

|¥) = Z Y2v ... 201 +m H(uj‘)m (t:'_)m |0)

l/i,ni:(),l i=1
= F(uf,t)|0) (32)
where |O) = |0,...,0) now denotes the vacuum state of qutrits. For the

canonic state the polynomial F(u;, ;") does not have terms linear in u;” and
t;r and starts with the bilinear terms. Cubic terms, in turn, do not contain
terms linear in u;.", which follows from the requirement of the maximum

overlap with the state |1) as it is illustrated in Fig.7. Total number of the
parameters characterizing the entanglement amounts to

Dyy =2-3"—8n—2, (33)
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Figure 7. The states |211),|121), and |112) corresponding to qubic terms linear in u
are depopulated by the requirement of the maximum overlap with the state |1)

which is valid for n > 3
For two qutrits one obtains

F.(uf, t3,uf t]) = 1+ antdt + aguiuf (34)

fe(ug  t3 ul t7) = antdt] + asudui. (35)

These polynomials depend only on two complex parameters a;;, which can
be set real and positive by a local phase transformation,

exp (1725 4+ 10205 + iy AT + 61 AF) . (36)

Thus, two real parameters are sufficient for characterizing entanglement be-
tween two qutrits, which is consistent with the result obtained by a straight-
forward application of the bipartite Schmidt decomposition.

In order to better understand the pattern, consider two more examples:
an assembly of three qutrits, and of two qutrits and a qubit. In the first
case, the canonic form is

Fc =1+ Oé()llt;rtf + Oé(nzt;ruir + Oéogluért;r + agggujuf + ozloltgrtf
4.+ 4ot +, + 44 +, +
+ aqo2t3 u] + agoruz ty + Qgoug U] + oty by + aio0ts Uy
+ot +, + oot .
+ ai0ug ty + Q220U3 Uy + Ozlllt3 tyt] + 04122t3 Ug Uy (37)

it o, 4t +o T
+ ao12Ug g U] + Qo21Uz Uy t] + Q292U Uy Uy

whereas for two qutrits and a qubit (labeled by the index 3), it looks as
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follows
F. =1+ agtit] + astyul arudt] + agud uf + agotd t
+ alla;uf + alga;t; + OZ15(7§ru;r + 041305%315? (38)

+o, Tt
+ 1703 Uy Uq .

8. Generalized entanglement

The nilpotent polynomials formalism allows us to consider a special case of
generalized entanglement where due to some constraint, the algebra of local
transformations does not include all possible transformations that exist for
an element of the dimension d. In this context, of special interest are spin-1
systems, namely three-level systems restricted to evolve under the action of
spin operators living in the so(3) = su(2) subalgebra of su(3). In such an
assembly, entanglement may exist even within a single element, which still
can be characterized via the nilpotent polynomials. For the purpose, one
has to invoke the nilpotent variables of higher order whose squares do not
vanish and only some higher powers do. With the help of these nilpotent
variables one can also consider entanglement among different elements of
the assembly.

Though a three-level system corresponds to a full su(3) algebra, we con-
sider it here as a spin-1 system that is, concentrate on a situation where the
physical observables are restricted to the subalgebra su(2) of spin operators,
St = S, £1S, and S.. Note that the latter are equivalent to the uT +tF,
and \? generators of su(3), respectively. The spin states are characterized
by the eigenvalues of

100
XN=[(000 |,
00—1

and he spin-down state |—1) is chosen as the reference state. Here, in order
to make use of the standard spin-1 vector notations, we have interchanged
positions of the second and the third lines with respect of Eq.(26). The
operator

010
Si=ut+t" =001
000
is the only element of the nilpotent subalgebra su(2) C su(3) , which has

therefore to be chosen as the nilpotent variable. It is of the order of two
since S3 # 0, and only 5% = 0.
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Now we show that even for a single spin, the state |0) is generalized en-
tangled with respect to SU(2). Indeed, by the unitary matrix e ~75=/V2 the
state |0) can be transformed to the state with the maximum vacuum pop-
ulation [1)c) = (|—1) +|1)) /+/2, which evidently differs from the reference
state |—1). The corresponding canonic state normalized to unit reference
state amplitude reads

|\ch> = (1+S~2|r)|_1>ﬂ (39)

hence f. = S? and F, = 1+ 52%. The presence of the quadratic term is the
signature of generalized entanglement.

One way to understand the meaning of this “self-entanglement” in the
state |0) is to see it as a consequence of the fact that the operators Sy ., of
su(2) cannot lift the degeneracy of the two eigenstates of the operator Ag,
which together with A3 = S, labels the states in the unrestricted su(3) alge-
bra. In other words, within the group of restricted local transformations, the
transition from the state |0) can only access the state (|—1) + |1)) /+/2 but
not (]—1) — |1)) /+/2, hence the amplitudes of the reference state |—1) and
that of the state |1) are fully correlated. One will not be too much surprised
with existence of the self-entanglement after paying attention to the fact
that here as well as earlier the subgroup of allowed local transformations
of the element is also smaller than the entire group of possible transfor-
mation of this element (which is strictly speaking also local, although not
completely allowed).

For a generic state, the canonic nilpotent polynomial and the tangleme-
ter take the form

Fu(Ss) =1+ %Si

Jo(84) = 5287, (40)

respectively, where the phase of o/, can be set to 0, and the factor % is
introduced for convenience. Therefore, generalized entanglement of a single
spin-1 is characterized by a single real parameter.

Consider now entanglement between two spin-1, which we describe as
two three-level systems subject to the action of SU(2) & SU(2) local oper-
ations. By analogy to the single spin-1 case, we chose S 2 with the implicit
subscripts 4+ as nilpotent variables and the state |—1,—1) as the refer-

ence. In the canonic form maximizing population of the reference state,
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one obtains

S? S2 S2 52
(81;S2) —1+Oé51 2 +0452 22 +as,57271 (41)

52 52
+ Oét,s—251 + OéstSQ—l + 15152 ,

52
fe(51,82) = 551 +ﬂtt5132+5st 52+552 2

S 2 S2 5%

+ ﬂt 551 + ﬂs S 2 2
where (35 ¢ = 05,5 — 2at,t2, and all other 8 = «a. As before, by exploiting the
freedom of phase transformations on the nilpotent variables, the parameters
as1 and age (or Os1 and fs2) characterizing generalized entanglement
within each of the three-level systems can be set real, and we are left with
four complex numbers a5, 0t s, 0tst, and oy ¢ characterizing the generalized

inter-spin entanglement.

9. A step toward mixed states of an assembly

Thus far we have addressed only pure states of an assembly, where all ma-
nipulations with the corresponding state vector were formulated in group
theoretical terms. The relevant algebraic technique relies on two basic op-
erations in the exponent — the summation and the algebraic product. Ad-
dressing mixed states implies working with the density operator, which
is a statistically weighted sum over the binary tensor products of possi-
ble state vectors and their Hermitian conjugates. Transformation of the
density operators suggested by the group theory does not offer full access
to manipulation of the statistical weights. In particular, the local unitary
group does not change them at all, and only the group of general invert-
ible local transformations is capable of changing these quantities. Trying
to characterize entanglement for the mixed states, we therefore go beyond
the domain where algebraic approach looks as a promising tool. The reason
for this is in the fact that apart from the two standard operations in the
exponent, the summation and the algebraic binary product, a third opera-
tion namely the summation of the exponents is indispensable for the state
mixing. Moreover, the very definition of entanglement for mixed states es-
sentially relies on this operation, — a state is considered as not entangled
when can be represented as a sum of statistically weighted product states.

Description of the entanglement hence encounters a difficulty,— the same
density operator can result from various statistical mixtures of different
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states. In particular, equally weighted statistical mixture of maximum en-
tangled pure states that belong to the same orbit may and does yield a
density operator identical to that of a product states mixture, and hence
has to be considered unentangled. If we forget for a while this difficulty
and adopt an alternative criterion of so-called distillable entanglement? dis-
cussed below, the classification of the mixed state entanglement can rely
on a conceptually transparent idea: bra(| and ket |) vectors of the same
element are considered as two independent ket vectors belonging to two
distinct but tween elements. This way one arrives at a pure state of an
assembly with twice more elements, which can be described by nilpotent
polynomial as earlier, with the only constraint that the Hermitian sym-
metry of the density operator must be respected. In such a framework,
entanglement among the ket state of an original element and a twin bra
state of the same or another element results in the state mixing.

Let us consider an assembly of qubits and denote by a;" and 6?‘ the
rising operator for i-th qubit and for it tween, respectively. One can im-
mediately identify three limiting cases: (i) the tanglemeter has no cross
terms containing O’;r and E;r at once, which means that the state is pure;
(ii) the tanglemeter has no cross terms among the operators (no matter
with or without bar) with indexes i € A and j € A, which means that the
density operator is a tensor product of the density operators of the group
of qubits A and that of the rest of the qubits A; and (iii) the tanglme-
ter contains only the second order cross terms o; E;r, which means that
this is a statistical mixture of product states, as one can infer by applying
the Hubbard-Stratanovich separation of the operator products in the expo-
nent. The condition (iii) is sufficient for the mixed state to be unentangled.
However, one cannot be yet be sure, whether or not it is necessary.

Let us make one step further in the consideration by focussing at mixed
states of two qubits. By the analogy to Eq.(14) for the tanglemeter of a
4-qubit system in the pure state, one can write

fe=0,303 01 + 73,0031 + 7330501 03 0f (42)
+ ’71715fo + 72)1330? + 71)23{(7; + ’727233(7;
+martotol +aTsaiol
+ V2,305 03 0 + 73,205 04 05
for the mixed state tanglemeter, where the hermiticity of the density op-
erator is taken into account by the fact that coeflicients ~; ; comprise a
Hermitian matrix.
With the help of Eq.(42) after straightforward calculations one finds the
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density operator of two qubits:

|’Yo,3|2 + Y22v1,1 + |“71,2|2 + 73,3 72,3 71,3 70,3

0

p(7) = 73,2 72,2 71,2
3,1 Y2,1 1,1 0
3,0 0 0 1

normalized by the condition pg o = 1. Now one can calculate the difference
C between the largest eigenvalue and the sum of all the rest eigenvalues of
the concurrence tensor \/p(7y) - €1 ® €3 - p*(7) - €1 ® €2, where dot - stands
for the matrix multiplication in contrast to the tensor product notation
®, and €; is the antisymmetric tensor for qubit ¢, which has been already
employed earlier in Sec.I when we were constructing the invariants of local
transformations for pure states of assemblies. For the non-positive difference
C, the qubits are proven to be not entangled. Thus we have reformulated
the well-known entanglement criterion for mixed states of two qubits in
terms of the nilpotent polynomials.

There exists an alternative to the concurrence, so-called criterion of the
distillable entanglement, suggested by the requirement that an assembly
in a mixed state can be set to a pure entangled state by a sequence of
local sl transformations implied by indirect local measurements. For a two
qubit mixed state given by the density operator p, one can directly check
whether or not this criterion holds. For the purpose one has to notice that

for such a final state, the tanglemeter matrix elements +y; ; vanish for all
pairs {4, j } except of {0,3} and {3, 0}, that is the density operator satisfying
the criterion of entanglement in general case reads

|“Y0,3|2 00,3
P 0O 00 O ;
—iP iP
n — 5 4
PEn = © 0o 000 [€ (43)
’)/37() 0 0 1
where
P = Z (o7 PT + UfPiy + o7 P7). (44)
i=1,2

The seven complex numbers o3 and P;’y"* determine the family of the

density operators satisfying this criterion. They are uniquely defined by
the requirement p = pg, imposed on the density operator of the assembly,
when this equation has a solution. Answering the question whether or not
this formalism is constructive for larger assemblies is a matter of future
research, although already for three qubit assembly, by a simple counting



178 A. Mandilara & V. M. Akulin

of parameters, one finds that the generic mixed state cannot be reduced to a
pure multipartite entangled states by local SL transformations. The latter
approach in the case of large assemblies could also rely on the dynamic
equation similar to Eq.(24) for the nilpotential, which now takes the form

1% = Z [R(t)o;f + Pi*(t)ﬁ (1 _ et )

T i ooF
Oo; Oo;

it~ P (1= 5 )| (45)
while the question whether or not a mixed state is distillable-entangled now
can be formulated as a possibility to choose a time dependent complex-
valued control vector P;(¢), such that at the end of the evolution suggested
by Eq.(45), the nilpotential has no nonlinear cross terms containing both ;"
and o} at once, but does have them for 7, and o separately. This question
adopts a form of control problem, when one writes Eq.(45) explicitly, as a
nonlinear equation for the nilpotential coefficients.

10. Conclusion

We hope that we have convinced readers that the nilpotent polynomial
technique is a convenient and adequate language for entanglement charac-
terization at least for the pure states of assemblies composed by elements
with finite numbers of eigenstates. It also can be adequately extended to
the well-studied case of 2-qubit assembly in mixed states, and it promises
certain advantages for yet not completely explored cases of larger assemblies
in mixed states.
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We compare the evolution of entanglement for a system of two two-level atoms
interacting with (i) a common reservoir being in the vacuum state and (ii)
a common thermal reservoir at non-zero temperature. The Markovian master
equation is used to describe the evolution of entanglement which is quanti-
fied by concurrence. Phenomena of sudden death, revival, and sudden birth
of entanglement are discussed. It is shown that when the atoms behave col-
lectively and the reservoir is the vacuum, the entanglement evolution exhibits
quite a rich structure. For thermal reservoir with non-zero mean number of
photons this structure is gradually degraded as the temperature of the reser-
voir increases. For thermal reservoir the phenomenon of sudden death of en-
tanglement becomes a standard behavior, and no asymptotic evolution can
be observed. As the temperature of the reservoir increases the sudden birth
of entanglement, which is a signature of collective behavior of the atoms in
the vacuum, gradually disappears. The results are illustrated graphically for a
number of initial states of the two-atom system.

Keywords: two-atom system, entanglement, sudden death, sudden birth.

1. Introduction

Entanglement is the key property distinguishing quantum and classical
worlds. It is of fundamental importance and a necessary resource for various
quantum algorithms.! Entanglement is a very fragile phenomenon, and it
is quickly deteriorated when the quantum system interacts with the envi-
ronment, so, knowing the evolution of entanglement of a quantum system
in a dissipative environment is of vital importance for the quantum infor-
mation processing. The time evolution of entanglement for a system of two
qubits, or two two-level atoms, has been widely studied in recent years.?!°
For more information and extensive literature on the subject see the review
article, Ref. 20. A lot of discussion has been devoted to the problem of dis-
entanglement of the two-qubit system in a finite time, despite the fact that
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all the matrix elements of the two-atom system decay only asymptotically,
i.e., when time goes to infinity. Yu and Eberly!'?2122 coined the name
entanglement sudden death to the process of finite-time disentanglement.
Entanglement sudden death has recently been confirmed experimentally.??
Another problem related to entanglement evolution that attracted attention
is the evolution of the entangled qubits interacting with the non-Markovian
reservoirs.2426 Tt has also been shown that squeezed reservoir leads to the

t27 and revivals of entanglement.?®

steady-state entanglemen

To describe quantitatively entanglement evolution, it is usually assumed
that the two atoms are independent, each of them is embedded in its own
reservoir, and they are prepared initially in an entangled state, pure or
mixed, and the time evolution of entanglement quantified by the values of
concurrence?? or negativity30-3!

If the two atoms are separated by a distance comparable to the wave-
length of light emitted by the atom, or smaller, and if both atoms are
coupled to a common reservoir, the entanglement evolution becomes much
more complex and interesting, exhibiting not only entanglement sudden
death or asymptotic decay, but entanglement can also be created during
the evolution,?732 or one can observe revival of the entanglement'®
as entanglement sudden birth.'”33 Entanglement sudden death and sud-
den birth has recently been discussed for the two atoms interacting with a
common structured (non-Markovian) reservoir, within the Dicke model.3*
Experimental conditions for realization of the collective Dicke model have
been studied.?® It has also been shown3%37 that for separate reservoirs at

is studied.

as well

finite temperatures, entanglement always disappears at finite time, which
means that there is always entanglement sudden death when the reservoir
has finite temperature.

In this paper we compare the evolution of entanglement, measured by
concurrence, for a system of two two-level atoms interacting with a common
reservoir at zero temperature as well as at finite temperature. The evolution
of the system is described by the Markovian master equation introduced by
Lehmberg3® and Agarwal,® taking into account the cooperative behavior of
the atoms. We discuss the role of the cooperative behavior of the two atoms
in appearance of new effects in entanglement evolution when the reservoir
is the vacuum, and their disappearance when the reservoir becomes thermal
field with non-zero temperature. The results are illustrated graphically to
visualize the differences.



Sudden death and sudden birth of entanglement 181

2. Master equation

We consider a system of two two-level atoms with ground states |g;) and
excited states |e;) (i = 1, 2) connected by dipole transition moments p;. The
atoms are located at fixed positions r; and ro and coupled to all modes of
the electromagnetic field, which we assume to be in a thermal state.

The reduced two-atom density matrix evolves in time according to the
Markovian master equation given by38 40

B < < -
8_;’ = =iy wilSEpl—iY Qi [SFS; 0]
i=1 i#]

2
1 _ - -
—5 2 Dy(L+ N) (pS7 8] + 8755 p— 287 pS])

ij=1

2
1
-3 > TN (pS; Sf +S;7SFp—28}pS;), (1)

4,j=1

where S;t (S;7) are the raising (lowering) operators, and S7 is the energy
operator of the ith atom, I';; = I" are the spontaneous decay rates, and N
is the mean number of photons of the reservoir. We assume that the two
atoms are identical. The parameters I';; and €;; (i # j) depend on the
distance between the atoms and describe the collective damping and the
dipole-dipole interaction defined, respectively, by

T, = §I‘ sin kr;; n cos krgj - sin krlg ’ @)
20\ krig (kry)” (Rryg)

and

Qij =

3F (_ coskr;;  sinkry; n cos krij> ’ 3)

4 ki (kri)*  (kry)’®

where k = wo/c, and r;; is the distance between the atoms. Here, we as-
sume, with no loss of generality, that the atomic dipole moments are parallel
to each other and are polarized in the direction perpendicular to the inter-
atomic axis.

The density operator of the system can be represented in a complete set
of basis states spanned by four product states (standard basis)

1) =1lg1) ®1g2), 12) = lg1) ® lea),
13) = le1) @ [g2), [|4) =le1) @ |ez). (4)
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For further considerations, a special form of the density matrix is especially

interesting, which is referred to as X form,*"42 given by
p11 0 0 p1sg
0 0
p= P22 P23 ' (5)
0 p32 p33 0
par 0 0 pag

Physically, the X form corresponds to a situation where all coherences
between the ground state |1) and the single excitation states |2) and |3),
and between |2), |3) and the double excitation state |4) are zero. The X
form of the density matrix can be easily created by an appropriate initial
preparation of a two-atom system. This form can be preserved during the
evolution, or it can be created during the evolution.

Since the dipole-dipole interaction €215 couples the two atoms, the stan-
dard basis (4) is usually not the most convenient basis to work with, when
describing the evolution of such a system. In this case, it is more con-
venient to include the dipole-dipole interaction into the Hamiltonian and
rediagonalize it. As a result we get a different set of basis states that are
particularly useful to describe the two-atom system. These are collective
states of the system, or the Dicke states, defined ag3® 4043

l9) = l91) ® |g2),

(ler) ® [g2) + [g1) ® le2)) ,

Q

-
S ~§|

la) = —= (le1) ® |g2) — |g1) ® le2)),
le) = le1) ® |ea). (6)

It is interesting to note that the collective basis contains two states, |s)
and |a) that are linear symmetric and antisymmetric superpositions of the
product states, respectively. The most important is that the two states, |s)
and |a), are in the form of maximally entangled states, or Bell states. The
remaining two states, |e) and |g), are separable states.

The density matrix that has X form in the standard basis, has also X
form in collective states

Pgg 0 0 pge
0 pss psa O
0 Pas Paa 0 (7)
Peg 0 0 pee

p:
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Figure 1. Collective states and transition rates for the two-atom system

and this form is preserved during the evolution governed by the master
Eq. (1). From the master Eq. (1), we get the following system of equations*°
for the matrix elements

Pee = —2I'(1 + N)pee + N [(T' 4+ T'12)pss + (I' = T'12) pad)

pss = (L' +T12) [pee — (1 + 3N)pss — Npaq + N]

paa = (I' = T12) [pee — Npss — (14 3N)paa + N] (8)
Pas = — [[(1+ 2N) + 2iQ12] pas

Pge = —L'(1+2N)pge

Solving Egs. (8), we find all the matrix elements required for calculating
the time evolution of the system, in particular, the entanglement evolution.

3. Entanglement measure

To quantify the entanglement, we need some measure of entanglement. In
case of two qubits a popular and easy to calculate measure of entanglement
is concurrence C introduced by Wootters.2? The value of concurrence C =
0 means that there is no entanglement, and the value C = 1 means a
maximally entangled state. For the X form of the density matrix of the
system, the concurrence can be calculated analytically, and, in collective
states, it is given by”

C(t) = max {0, C1(t), Co(t)}
Ci(t) = 2|pge(t)] — \/ [pss(t) + paa(t)]” — [2Repaa (t)]? 9)

Co (t) = \/[pss (t) - Paa(t)]Q + [2Impsa(t)]2 - 2\/ Pee (t)pgg (t)
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Inserting into Egs. (9) the solutions to Egs. (8), we find the values of Cy(t)
or Ca(t), the criteria for entanglement. Whenever one of the two quantities
becomes positive, there is a some degree of entanglement in the system.
From Egs. (9) it is clear that there is a competition between the inner 2 x 2
block of states {|s),|a)} and the outer 2 x 2 block of states {|g),|e)} in
contributing to Cy(¢) and Co(t). There are two exclusive ways that lead to
entanglement in the system. The competition introduces a sort of threshold
conditions for obtaining entanglement, which lead to sometimes unexpected
behavior of entanglement. One immediate and nice feature emerging from
Eqgs. (9), is the fact that, if the two-atom system is prepared in either sym-
metric or antisymmetric state, which both are maximally entangled states,
the concurrence evolves in time as the population pgs(¢) of the symmetric
state or as the population p,.(t) of the antisymmetric state, respectively.
These are exceptionally simple and striking results. In other situations the
evolution of concurrence is much more complex, and it is discussed in the
following sections.

4. Entanglement evolution: zero temperature reservoir

To discuss the entanglement evolution, we begin with a simple case of the
reservoir being the vacuum of the electromagnetic modes, so that we put
N = 0 in Egs. (8). One can see from Egs. (8) that the transition rates
to and from the symmetric and antisymmetric states are modified by the
collective damping I'y5. Provided that 'y > 0, the transitions to and from
the symmetric state occur with an enhanced rate I' 4+ I';5, whereas the
transitions to and from the antisymmetric state occur with a reduced rate
I — T'13. The collective damping T'j2, given by Eq. (2), depends on the
atomic separation. For small separations between the atoms, I'15 ~ I', and
then the state |s) becomes superradiant with a decay rate double that of the
single atom I'; whereas the state |a) becomes subradiant, with a decay rate
of order (kri2)I’ which vanishes in the limit of small distances kris < 1.

The set of coupled equations for the populations of the collective states
can be easily solved, and the solution, valid for arbitrary initial conditions
and N = 0, is given by3%40

pee(t) = pee(0) e_QFtv

r+T

pas(t) = pas(0) e TH e (0) =2 e (T4t — =2t (1)
I' -T2
I'+Tie

paa(t) = paa(o) e~ (T-Tu2)t + Pee (0) |:e—(F_F12)t B e_zrt}

3
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and Pgg (t) =1— pee (t) — Pss (t) - paa(t)'

We see from Eqs. (10) that the decay of the populations depends
strongly on the initial state of the system. When the system is initially
prepared in the state |s), the population of the initial state decays expo-
nentially with an enhanced rate I' 4+ I'12, while the initial population of the
antisymmetric state |a) decays with a reduced rate I' — I'15. This occurs
because the photons emitted from the excited atom can be absorbed by the
atom in the ground state, so that the photons do not escape immediately
from the system. For a general initial state that includes the state |e), the
populations of the symmetric and the antisymmetric states do not decay
with a single exponential.

Similarly, equations of motion for the coherences in Eqs. (8), are
straightforward to solve, giving

Psa t) = psa( ) (F—Q—Qing)t’

(
Pge(t) = pge(0) e (P=2iwo)t, (11)
(

Having at hand solutions (10) and (11), it is just a matter of inserting
them into expressions (9) to get analytical formulas describing the criteria
for entanglement.

4.1. Creation of entanglement

Let us start our discussion of entanglement evolution by assuming that ini-
tially one atom is excited and the other one is in its ground state, to be more
specific, let |[¥(0)) = |e1) ® |g2). Of course, this initial state is separable, so
there is no entanglement initially. In terms of collective states, it means that
the only non-zero initial matrix elements are: pss = paq = Psa = Pas = 1/2.
It is easy to verify, that for such initial state the concurrence is equal to**

C(t) = Co(t) = e 1t \/ sinh?([12t) + sin?(2015t). (12)

Formula (12) has two parts, an oscillatory part that oscillates with fre-
quency 2212, and non-oscillatory part that depends on I'yo. It is evident
that for ¢ > 0 the concurrence (12) becomes positive, i.e., entanglement
is created by spontaneous emission from the system. If 215 > I" concur-
rence exhibits oscillations. This is illustrated in Fig. 2, where concurrence
is plotted according to (12) for r12 = A/12. Envelopes of this oscillatory
function are given by paq(t) + pss(t) and peq(t) — pss(t), which are plotted
for reference. Since pss(t) decays much faster than peq(t), eventually, only
the antisymmetric state survives, and for long times, the concurrence is
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Figure 2. Concurrence C(t) for initially one atom excited, according to Eq. (12), (solid).
Envelopes are: pqaq (t) + pss(t) (dashed), paq(t) — pss(t) (dashed-dotted). Parameters are:
ri2 = A/12 and N = 0.

equal to the population p,,(t). The antisymmetric state plays a crucial role
in creating entanglement via spontaneous emission. If the antisymmetric
state is eliminated from the evolution, as it is the case in the Dicke model,
or small sample model, entanglement cannot be created by spontaneous
emission.

4.2. Sudden death of entanglement

One of the characteristic features of entanglement in a bipartite system
is an abrupt disappearance of initial entanglement at finite time, the ef-
fect for which Yu and Eberly'?2":22 introduced the name sudden death of
entanglement. They considered a two qubit system prepared initially in a
state which is diagonal in the collective states basis, and the initial density
matrix has the form

1-a000

1 0 200
/=31 o sool (13)

0 00«

where 0 < o < 1. With this initial state the concurrence is described by a
simple formula

C(t) = Co(t) = |pss(t) = paa(t)] — 24/ pag(t)pec (), (14)

where the solutions (10) are to be inserted. The results are illustrated in
Fig. 3. Figure (a) presents the evolution of concurrence for the interatomic
distance 112 = 10\, which reproduces exactly the famous picture of Yu
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Figure 3. Concurrence evolution for the vacuum reservoir (N = 0) and the initial
state (13): (a) r12 = 10X, (b) r12 = A/2, (¢) r12 = A/4, (d) r12 = A\/12.

and Eberly'221:22 for atoms coupled to independent reservoirs. The inter-
atomic distance r12 = 10\ appears to be large enough to consider the
common reservoir as two independent reservoirs, so both atoms evolve in-
dependently. To emphasize the two different types of evolution,i.e., sudden
death of entanglement and asymptotic decay, we mark in the figure two
trajectories representing the two evolutions: the solid line which represents
the sudden death of entanglement and the dashed line which shows the
asymptotic decay. It is seen that for @ < 1/3 evolution is asymptotic and
for o > 1/3 sudden death of entanglement is observed.

The situation changes radically when the interatomic distance becomes
shorter and atoms behave collectively. It is shown in Fig. 3 (c)—(d) that for
distances shorter than A/4 sudden death appears practically for the whole
range of a. Only for & = 0 we have asymptotic behavior because in this
case the concurrence follows the exponential decay of ps4(¢). In Fig. 3 (b) an
interesting effect of sudden death followed by a revival of entanglement is
seen. So, the collective behavior of the atoms makes the entanglement evo-
lution dependent on the interatomic distance and it becomes quite different
from that for independent atoms.
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4.3. Sudden death and revival of entanglement

Another interesting example of entanglement evolution takes place when
the two atoms are prepared initially in the state

[W(0)) = vple) + /1 = plg) (15)

This state is the superposition of the states: one with both atoms excited

0.8

0.6
C 0.4
0.2
(a)
1
.5 0.8
0.6 0.6
C (.4- C 0.4
0.2 0.2
c - d y ] e
( ) 0.25 0.5 0.75 1 ( ) rl' 0.5 0.5 079 1
P P
Figure 4. Concurrence evolution for the vacuum reservoir (N = 0) and the initial

state (15): (a) 712 = 10A, (b) 12 = A/4, (¢) ri2 = A/8, (d) r12 = A\/20.

and the other with both atoms in their ground states. Again, for indepen-
dent atoms clear splitting into two regions is seen, we find the sudden death
of entanglement for p > 0.5, and the asymptotic evolution for p < 0.5, as
shown in Fig. 4 (a). However, for interatomic distances shorter than the
wavelength of emitted light, the structure of entanglement evolution ex-
hibits very interesting features, as shown in Fig. 4 (b)—(d), which include
a broad range of entanglement sudden death accompanied by a subsequent
revival. Especially interesting is the evolution of entanglement for values
of p ~ 0.9, which is shown in Fig. 4 (d), and in more details in Fig. 5. As
it is clear, the entanglement experiences sudden death and revival not just
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once, but twice.!® This happens for the interatomic distance r12 = /20,

0.04

0.03 -

C0.021

0.01 -

Figure 5. Concurrence evolution for the initial state (15) and interatomic distance r12 =
A/20; dashed line shows the evolution for independent atoms.

which is quite short, but it illustrates how important for the entanglement
evolution can be the collective behavior of the atoms. For reference, the
dashed curve in Fig. 5 shows the evolution for independent atoms.

At this point it can be interesting to compare the results obtained above,
which were obtained for the model taking into account the collective damp-
ing (2) and the dipole-dipole interaction (3), both depending on the inter-
atomic separation, to the Dicke model, or the small sample model, which is
based on the assumption that the two atoms are very close to each other, so
that I';jo = I', and the dipole-dipole interaction can be ignored (€212 = 0).
In this case the antisymmetric state (singlet state) does not evolve in time.
The evolution is restricted to the three triplet states ({|g),]|s), |e}}, and it
is governed by the equations

Pee(t) = pee (0)672”
pss(t) = pss(0)e™ " + 20t pee(0)e " (16)
Pge(l) = Pge(o)ei(rizwo)t'

It is worth to notice the non-exponential evolution of pss(t), if pee(0) # 0.
The concurrence evolution for the Dicke model and the initial state (15)
is plotted in Fig. 6. The difference between the Dicke model and the ex-
tended model shown in Fig. 4 is clearly visible. Entanglement evolution for
the Dicke model and a common structured reservoir has been discussed in
Ref. 34. They found revivals of entanglement for non-Markovian reservoir
with Lorentzian spectrum. In the limit of very broad spectrum of the reser-
voir the result should reproduce that for Markovian reservoir, our Fig. 6
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Figure 6. Concurrence evolution for the vacuum reservoir (N = 0) and the initial
state (15) for the Dicke model

really agrees with the corresponding figure in Ref. 34. We want to empha-
size here that the Dicke model, described by Egs. (16) and illustrated in
Fig. 6, essentially differs from the extended model used in this paper.

4.4. Sudden birth of entanglement

As we have seen already, the collective spontaneous emission can create
entanglement in the two-atom system in a smooth way, when the atoms
initially start from a specific product state. If there is some entanglement
in the system initially, it can disappear abruptly in a finite time, or it can
decay asymptotically. Here, we want to discuss another interesting feature
of entanglement evolution. Let us consider another initial product state of

0.4
0.0
C 0.02-
0.01-

[ —

Figure 7. Concurrence as a function of I't and r12, for vacuum reservoir (N = 0) and
initially both atoms excited

the two-atom system, such that initially both atoms are excited, so the only
non-zero element of the atomic density matrix is pe(0) = 1. In this case,
according to solutions (10), we find that the density matrix has a diago-
nal form, and when we check the criteria for entanglement (9), we easily
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discover that the only contribution to entanglement, if any, can come from
Ca(t), which is given by Eq. (14), together with the solutions (10) and ap-
propriate initial conditions. It is clear from Eq. (14) that entanglement can
result solely from unequal populations of the symmetric and antisymmetric
states. When the system starts from the state |e), there are two channels
of spontaneous emission: the fast one through the state |s), and the slow
one through the state |a), as indicated in Fig. 1. Due to the difference in
the emission rates, the difference between the populations builds up, but it
is counteracted by the accumulation of the population py,(t) in the ground
state |g). In effect, we get another “sudden” phenomenon in the entangle-
ment evolution, which we refer to as sudden birth of entanglement.'” To
visualize the behavior of the concurrence for this case, we plot in Fig. 7
the concurrence C as a function of the dimensionless evolution time I't
and the interatomic distance r15. We see that there is no entanglement at
early times of evolution, but suddenly after a finite time an entanglement
emerges. However, as it is seen, it happens only for sufficiently small in-
teratomic distances 719, for which atoms behave collectively. Once again,
the collective behavior of the atoms appears to be crucial for observing this
phenomenon.

Among the states having the X form of the density matrix, which are of
great importance in quantum information theory, are Werner states, with
the density matrix of the form

p(0) = pls) sl + (1~ p)g,
where I is the 4 x 4 identity matrix. Werner states represent a mixture
of the maximally entangled state and the isotropic state. In our case the
maximally entangled state is the symmetric state |s), which contributes to
the mixture with the probability p. Werner states, depending on the value of
p, in a sense, interpolate between entangled states and separable states. For
p =1, we have a maximally entangled state with concurrence C = 1, while
for p < 1/3 the state is separable. For p > 1/3 the concurrence has the value
C(0) = (3p—1)/2. Such states are excellent examples for illustrating all the
features of entanglement evolution for the system of two atoms coupled to a
common reservoir. It is convincingly shown in Fig. 8, where the concurrence
evolution is plotted as a function of I't and the probability p, for various
values of the interatomic distance r12. For independent atoms, Fig. 8 (a),
as before, two trajectories are marked, one showing the sudden death of
entanglement (solid line) and the other showing the asymptotic evolution
(dashed line). The same trajectories are marked in the remaining figures,

(17)
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Figure 8. Concurrence evolution for vacuum reservoir (N = 0) and initial state (17):
(a) T12 = 10X, (b) r12 = A/2, (c) r12 = A/4, (d) r12 = A/12.

but, as it is seen, they no longer represent sudden death and asymptotic
evolutions. As the atoms behave collectively, the concurrence exhibits much
more interesting behavior. In Fig. 8 (b) we see that the trajectory that
experienced sudden death, after some time exhibits revival of entanglement.
The revival is also seen in figures (¢) and (d). Moreover, for independent
atoms there is no entanglement for p < 1/3, and from figures (c¢) and (d) we
see the presence of entanglement at later times, which means the sudden
birth of entanglement. However, for the trajectory representing initially
asymptotic evolution, sudden death and subsequent revival of entanglement
appears. Generally, we can say that the sudden death is a rather common
phenomenon when the two atoms behave collectively, but the sudden death
can be followed by a revival, after which asymptotic evolution can take
place.

5. Entanglement evolution: thermal reservoir

Now, we want to discuss the situation when the reservoir is not the vacuum,
or zero-temperature reservoir, but it is a thermal reservoir with the mean
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number of photons IV different from zero. To find the evolution of concur-
rence it is now necessary to solve the full version, with N # 0, of Egs. (8).
Although analytical solutions are possible, they are rather complicated and
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Figure 9. Same as Fig. 3 but for thermal reservoir with N = 0.01.

we do not give them here. In further calculations of the concurrence we will
rely on numerical solutions.

However, before we calculate the time evolution of concurrence, we find
the steady state solutions to Egs. (8), which are given by

Pee(00) = m
per(50) = pua(00) = o) (18)
(N +1)2

Pgg(00) = m:

and the steady state values of coherences p,s(00) and peg(00) are zero. From
the solutions (18), it is immediately seen that both C;(¢) and Cq(t), given
by Egs. (9), take negative values as ¢ — oo. This means that there is no
entanglement in the system for ¢ — co. So, no matter how large the degree
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of entanglement could be in the system at earlier times, there must be a
finite time t4 at which entanglement disappears. Of course, the death time
tq depends on the value of the mean number of photons IV of the reservoir,
but for any N > 0, no matter how small it could be, there is entanglement
sudden death for thermal reservoir.

The steady state solutions (18) do not depend on the collective pa-
rameters ['15 and 215, which means that independently of the interatomic
distance, there is always entanglement sudden death if the mean number
of photons of the reservoir is different from zero. This confirms the results
found earlier for atoms coupled to separate reservoirs.3¢:3” For the long-time
behavior of the system in a thermal reservoir, it is not important whether
the atoms behave collectively or not.
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Figure 10. Same as Fig. 4 but for thermal reservoir with N = 0.01.

To illustrate entanglement evolution in a thermal reservoir, we calculate
the concurrence for the initial states that we used earlier to discuss the
evolution of the two-atom system in the vacuum. In Fig. 9 we plot the
concurrence for initial state (13), discussed by Yu and Eberly!?21:22 for
atoms embedded in a common thermal reservoir with the mean number of
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Figure 11. Same as Fig. 8 but for thermal reservoir with N = 0.01.

photons N = 0.01. The remaining parameters are the same as in Fig. 3.
It is evident from Fig. 9 that there is sudden death of entanglement for
the whole range of o values. The death time ¢4 depends on the interatomic
distance and the value of « in a rather complicated way, but sudden death
of entanglement is clearly evident, and there is no asymptotic evolution.
For small interatomic distances, as a rule, the death time becomes shorter
for shorter distances.

In Fig. 10 the concurrence evolution is shown for the initial state (15), for
the same values of interatomic distances as in Fig. 4, but for the thermal
reservoir with the mean number of photons N = 0.01. We see that the
evolution has drastically changed with respect to the vacuum reservoir.
Again, as in the previous case, the sudden death of entanglement is clearly
visible. Moreover, the revivals of entanglement that are so evident in Fig. 4,
disappeared almost completely, the remnants are still visible in figure (c),
for 112 = A/8, but they will also disappear if the number of photons will
increase. It is also seen that, for the initial state (15), in contrast to the
initial state (13) illustrated in Fig. 9, the shorter interatomic distance does
not mean the shorter death time of entanglement. The dependence on the
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interatomic distance is in this case reversed. However, in any case, the death
time becomes shorter as the mean number of photons N increases, but this
is not illustrated in the figures presented in the paper.

Similarly, in Fig. 11, we plot the concurrence behavior for the initial
Werner state (17) and thermal reservoir with the mean number of pho-
tons NV = 0.01. Direct comparison of Fig. 8 and Fig. 11 shows that there
is sudden death of entanglement for the cases that previously exhibited
asymptotic evolution. In cases, for which sudden death appeared due to
the collective behavior of the atoms, in thermal reservoir the death time
is shortened. Moreover, for the interatomic distances for which collective
evolution of the atoms leads to the revival or sudden birth of entanglement
in the vacuum reservoir, for the thermal reservoir both effects are gradu-
ally diminished.*® Eventually, for a reservoir with a higher mean number of
photons, they will be completely erased, and the only effect that remains in
such a reservoir is the sudden death of entanglement, with the death time
being shorter and shorter as the mean number of photons increases. All
the examples of entanglement evolution discussed here convincingly show
that the collective behavior of the atoms, discussed in the paper, leads to
a quite interesting evolution of entanglement, with new features, when the
two atoms are embedded in a common reservoir being in the vacuum state.
When the reservoir has non-zero temperature, the structure of entangle-
ment evolution simplifies, and eventually becomes quite simple, showing
always the sudden death of entanglement. No asymptotic evolution is pos-
sible when the temperature is non-zero, no matter whether the atoms are
coupled to separate reservoirs or to a common reservoir. It shows that the
zero-temperature reservoir plays a special role in entanglement evolution.

6. Conclusion

We have discussed the dynamics of entanglement in a two-atom system
interacting with a common reservoir at zero temperature (vacuum) as well
as at finite temperature (thermal reservoir). The evolution of the system
is described by the Lehmberg-Agarwal Markovian master equation, which
takes into account collective behavior of the atoms. The collective sponta-
neous emission is a source of entanglement for initially separable states. The
entanglement can be created continuously from the beginning of the evolu-
tion, or it can be created abruptly after a finite time of the evolution that
took place without entanglement. The latter is referred to as entanglement
sudden birth. The entanglement which is already present in the system can
disappear in a finite time, which is the effect of entanglement sudden death,
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but it can also revive after some time. For some initial states and vacuum
reservoir, entanglement can decay asymptotically (for ¢ — o0). Generally,
for atoms behaving collectively, the structure of the entanglement evolu-
tion appears to be quite rich. However, this rich structure of the evolution
is degraded for the non-zero temperature reservoir, for which the entan-
glement sudden death becomes the standard feature of the evolution, and
only in the limit N — 0 the asymptotic decay of entanglement is possible.
This means that, in real physical situations of finite temperature reservoirs,
there is always entanglement sudden death. On the other hand, entangle-
ment sudden birth created by correlated atoms appears only for reservoirs
at sufficiently low temperatures, and it disappears at higher temperatures.
We have made a comparison of the concurrence evolution for a number of
initial states of the two-atom system to show the variety of effects that can
be observed in the evolution.

Acknowledgements

I acknowledge continuous and effective collaboration with Zbigniew Ficek
on the subject of this work.

Bibliography

1. R. Horodecki, P. Horodecki, M. Horodecki and K. Horodecki, Rev. Mod. Phys.
81, p. 865 (2009).

2. K. Zyczkowski, P. Horodecki, M. Horodecki and R. Horodecki, Phys. Rev. A
65, p. 012101 (2001).

3. L. Jakébezyk, J. Phys. A 35, p. 6383 (2002).

D. Braun, Phys. Rev. Lett. 89, p. 277901 (2002).

5. M. S. Kim, J. Lee, D. Ahn and P. L. Knight, Phys. Rev. A 65, p. 040101
(2002).

6. A. M. Basharov, JETP Lett 75, p. 123 (2002).

7. Z. Ficek and R. Tana$, J. Mod. Opt. 50, p. 2765 (2003).

8. X. X.Yi, C.S. Yu, L. Zhou and H. S. Song, Phys. Rev. A 68, p. 052304

=~

(2003).

9. L. Jakébezyk and A. Jamrdz, Phys. Lett. A 318, p. 318 (2003).

10. S. Nicolosi, A. Napoli, A. Messina and F. Petruccione, Phys. Rev. A 70,
p. 022511 (2004).

11. L. Jakdébezyk and A. Jamréz, Phys. Lett. A 333, p. 35 (2004).

12. T. Yu and J. H. Eberly, Phys. Rev. Lett. 93, p. 140404 (2004).

13. P. J. Dodd, Phys. Rev. A 69, p. 052106 (2004).

14. L. Jakébezyk and A. Jamréz, Phys. Lett. A 347, p. 180 (2005).

15. Z. Ficek and R. Tana$, Phys. Rev. A 74, p. 024304 (2006).

16. A. Jamréz, J. Phys. A 39, p. 7727 (2006).



198 R. Tanas

17.
18.
19.

20.
21.
22.
23.

24.

25.
26.
27.
28.
29.
30.
31.
32.
33.

34.

35.

36.
37.
38.
39.

40.
41.
42.
43.
44.
45.

Z. Ficek and R. Tana$, Phys. Rev. A 77, p. 054301 (2008).

F. Verstraete, M. M. Wolf and I. Cirac, Nature Physics 5, p. 633 (2009).

K. Roszak, P. Horodecki and R. Horodecki, Phys. Rev. A 81, p. 042308
(2010).

Z. Ficek, Front. Phys. China 5, p. 26 (2010).

J. H. Eberly and T. Yu, Science 316, p. 555 (2007).

T. Yu and J. H. Eberly, Science 323, p. 598 (2009).

M. P. Almeida, F. de Melo, M. Hor-Meyll, A. Salles, S. P. Walborn, P. H.
Souto Ribeiro and L. Davidovich, Science 316, p. 579 (2007).

B. Bellomo, R. Lo Franco and G. Compagno, Phys. Rev. Lett. 99, p. 160502
(2007).

X. Cao and H. Zheng, Phys. Rev. A 77, p. 022320 (2008).

F. Wang, Z. Zhang and R. Liang, Phys. Rev. A 78, p. 062318 (2008).

R. Tana$ and Z. Ficek, J. Opt. B 6, p. S610 (2004).

D. Mundarain and M. Orszag, Phys. Rev. A 75, p. 040303 (2007).

W. K. Wootters, Phys. Rev. Lett 80, p. 2245 (1998).

A. Peres, Phys. Rev. Lett. 77, p. 1413 (1996).

M. Horodecki, P. Horodecki and R. Horodecki, Phys. Lett. A 223, p. 1 (1996).
G. H. Yang and L. Zhu, Fur. Phys. J. D 47, p. 277 (2008).

C. E. Lépez, G. Romero, E. Lastra, E. Solano and J. C. Retamal, Phys. Rev.
Lett. 101, p. 080503 (2008).

L. Mazzola, S. Maniscalco, J. Piilo, K.-A. Suominen and G. Garraway, Phys.
Rev. A 79, p. 042302 (2009).

K. Hérkonen, F. Plastina and S. Maniscalco, Phys. Rev. A 80, p. 033841
(2009).

M. Ikram, F. li Li and M. S. Zubairy, Phys. Rev. A 75, p. 062336 (2007).
A. Al-Qasimi and D. F. V. James, Phys. Rev. A 77, p. 012117 (2008).

R. H. Lehmberg, Phys. Rev. A 2, p. 883 (1970).

G. S. Agarwal, Quantum Statistical Theories of Spontaneous Emission and
their Relation to other Approaches, Springer Tracts in Modern Physics,
Vol. 70 (Springer, Berlin, 1974).

Z. Ficek and R. Tanas$, Phys. Reports 372, p. 369 (2002).

T. Yu and J. H. Eberly, Quant. Inf. and Comp. 7, p. 459 (2007).

B. Corn and T. Yu, Quant. Inf. Process. 8, p. 565 (2009).

R. H. Dicke, Phys. Rev. 93, p. 99 (1954).

R. Tana$ and Z. Ficek, J. Opt. B 6, p. S90 (2004).

R. Tana$ and Z. Ficek, Physica Scripta (2010), in print.



199

Open system dynamics of simple collision models
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A simple collision model is employed to introduce elementary concepts of open
system dynamics of quantum systems. In particular, within the framework of
collision models we introduce the quantum analogue of thermalization process
called quantum homogenization and simulate quantum decoherence processes.
These dynamics are driven by partial swaps and controlled unitary collisions,
respectively. We show that collision models can be used to prepare multipartite
entangled states. Partial swap dynamics generates W-type of entanglement
saturating the CKW inequalities, whereas the decoherence collision models
creates GH Z-type of entangled states. The considered evolution of a system
in a sequence of collisions is described by a discrete semigroup &£1,...,En.
Interpolating this discrete points within the set of quantum channels we derive
for both processes the corresponding Linblad master equations. In particular,
we argue that collision models can be used as simulators of arbitrary Markovian
dynamics, however, the inverse is not true.

Keywords: quantum dynamics; quantum master equations; quantum thermal-
ization; quantum decoherence; entanglement dynamics.

1. Open system dynamics

The goal of these lectures is to present the elementary ideas and features
of dynamics of open quantum systems by analyzing the properties of the
simplest collision model we can think of. The material is based on papers'*
on collision models coauthored by authors. It is not considered as a review
paper on collision models or open system dynamics.

It turns out it is surprisingly useful in physics to distinguish the concepts
of isolated and open systems. The concept of isolated systems represents a
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simplification of physical reality, which serves as a playground for a clear
formulation of elementary physical principles. It is postulated that the dy-
namics of isolated quantum systems is driven by Schridinger equation®

ih%% = Hyy, (1)

where H; is a hermitian operator called Hamiltonian. As a consequence it
follows that the state transformations are unitary, i.e. ¢y — v = Us_p 1y,

where Ut_,t/UtT_,t/ = UtT_,t/Ut_,t/ = I. If H; is time-independent, i.e. H; =
H, then Uy = exp[—+£H(t' —t)]. We can define U; = exp (—+Ht) and

write Uy = Up U}, by = Upo.

Interactions between a system under consideration and its environment
are responsible for the violation of system’s (dynamical) isolation. The joint
evolution of the system and the environment will be still unitary, however,
the system itself undergoes a different dynamics. The point is that these
interactions, because of the complexity of the environment, are typically
out of our control. And our wish is to invent models of system-environemt
interactions capturing faithfully the key properties of the dynamics of the
system alone. For a general discussion on the models of open system dy-
namics we refer t0.5® In what follows we will restrict our analysis to a
particular toy model of the open system dynamics.

In the rest of this section we will introduce the model and elementary
properties of quantum channels. In the following two sections we will discuss
thermalization and decoherence processes within this model. In Section IV
we will focus on entanglement created in the discussed collision models and
finally, in the Section V we will derive master equations for these collision
processes.

1.1. Simple collision model

Let H be the Hilbert space of the system of interest. States are identified
with elements of the set of density operators (positive operators of unit
trace)

SH)={e:020, trog=1}. (2)

We will assume that environment consists of huge number of particles,
each of them described by the same Hilbert space H. In a sense, it forms a
reservoir of particles. Moreover, we assume that initially they are all in the
same state &, i.e. the initial state of the environment /reservoir is w = £V,
In each time step the system interacts with a single environment’s particle.
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The interaction is described by a unitary operator U acting on joint Hilbert
space H ® H. Thus, the one-step system’s evolution is described by a map

0 — ¢ = Eld = trene[U(e @ OUT, 3)

where g is the initial state of the system and tren, denotes the partial trace
over the environment. In each time step a system undergoes a collision with
a single particle from the reservoir. In a realistic scenarios these collisions
are happening randomly, but we will assume that each reservoir’s parti-
cle interacts with the system at most once (see Fig. 1). Thus, the system
evolution is driven by a sequence of independent collisions. After the nth
collision we get

00 — 0 = tTeny [U(0n-1 @ U] = E[on-1] = E™[00] - (4)

& & & & & &
RESERVOIR

Figure 1. A simple collision model.

1.2. Quantum channels

The mapping & defined on the set of all operators £L(H) satisfies the fol-
lowing properties:

(1) &€ is linear, ie. E[X + Y] = E[X] + c£[Y] for all X,Y € L(H) and all
complex numbers c.

(2) € is trace-preserving, i.e. tr€[X] = trX for all operators X with finite
trace.

(3) & is completely positive, i.e. (€ @ T)[Q2] > O for all positive operators
Qe L(H®H).

Due to Stinespring dilation theorem the inverse is also true. If a mapping £
satisfies above three conditions, there is a unitary operator U and a state
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¢ such that the Eq. (3) holds. Such completely positive trace-preserving
linear maps we call channels.

For any state £ € S(H) there exist a unit vector ¥ € H ® H such that
& = tra|U) (|, where try is the partial trace over the second subsystem. We
call U a purification of €. It is straightforward to verify that the following
identity holds

Elo] = trenv[U(0 @ U] = tren [(U @ 1) (e ® [)TNU @ D] (5)

Let ¢; is an orthonormal basis on H ® H and define linear operators A; =
(p; (U @ I)T) acting on the system. Then the right-hand side of the above
equation reads

Elol = 3" (e (U @ DWo((U @ DWlgy) = 3 Aj0T (6)
j j

By definition the so-called Kraus operators A; satisfy the normalization

Zj A}AJ— = I. Any mapping of the Kraus form £[p] = Ej A; QA;L- for arbi-

trary set of operators {Aj, As,...} fulfilling the normalization constraint

determines a valid quantum channel.

Channels with a single Kraus operator £[g] = ApA' are unitary chan-
nels, because the normalization ATA = I implies that A is unitary. Let us
note that Kraus representation and also the number of Kraus operators are
not unique. For more details we refer to.%'°

2. Quantum homogenization as an analogue to
thermalization

The Oth law of thermodynamics postulates that an object brought in a con-
tact with a reservoir of temperature T' will equalize its temperature with
the reservoir’s temperature. This process is known as the process of ther-
malization. Our attempt is to design a quantum analogue of this process.
The concept of temperature is the key ingredient of the thermalization
process. In fact, as a consequence it is the temperature that describes a
state of the system, that is, it contains the relevant part of the information
needed for the investigation of the system’s properties. What is the quan-
tum analogue of the temperature? There are several ways how this concept
can be introduced. One can use the connection between temperature and
the entropy, or energy per single particle. By choosing such analogue, the
thermalization can be defined as a process that leads a system with a given
temperature T's to the temperature of the reservoir T¢. In classical theory
this process is achieved because of mutual interactions/collisions between
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the particles. In the process of collision they mutually (partly) exchange
their microscopic properties (energy, momentum). Subsequently, the tem-
perature of the system being in a contact with the reservoir is changing
and finally (approximately) equalize T¢. Let us note that we have used the
temperature as a property that can be attributed even to a single particle,
however, such definition is meaningful only in the statistical sense.

In quantum theory the state of a quantum system is described with
a density operator. This operator contains all the information. Therefore,
we choose single-particle density operator to play the role of the quantum
temperature in our quantum analogue. So the goal is to design a model
of the dynamics of the system-+reservoir such that the initial state of the
system particle pg evolves into the state of the reservoir particles £. Because
of the property that finally all particles are described by the same state £ we
will refer to this process as to homogenization instead of the thermalization.
In fact this notion is more appropriate to characterize the features of our
model.

Ideally the homogenization should implement the following transforma-
tion

0sRVER - ®E-ESRER - R, (7)

for all o and &. For finite reservoirs this process will perform N — N + 1
cloning transformation, which would violate the quantum no-cloning theo-
rem.'112 Therefore, this process cannot be achieved in any dynamical model
respecting the quantum theory. We will relax our requirements and inves-
tigate whether the homogenization can be implemented approximately via
a sequence of (independent) collisions. Moreover, if initially ¢ = £, mean-
ing there is nothing to homogenize, then the evolution is trivial. Let us
summarize our assumptions and problem.

Definition 2.1. We call an interaction U a generator of §-homogenization
0 > 0 is the following conditions are satisfied

e Trivial homogenization. The joint state of the system and the environ-
ment after nth interaction reads

where Uj = Us,j ® Ieny\ {5} describes the jth interaction (/eny\ ;) is the
identity operator on the environment excluding the jth particle). The
for all £ € S(H)

£s®ER@ - ®E— 2, =(sQE{R - ®E. (9)
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e Convergence. Let gg") be the state of the system after nth collision.
Then there exist Ng such that for all n > N

D(ol",€) < 6. (10)

o Stability of the reservoir. Let 5;- be the state of the jth reservoir’s par-
ticle after the its interaction with the system. Then

D(g},6) <9, (11)
for all j.

Our task is simple: find U satisfying the above properties.

2.1. Trivial homogenization

Let us denote by H_ the symmetric and antisymmetric subspaces of H®H.
A vector ® belongs to H4 if S® = +®, where S is the swap operator defined
as S =3 |¢; ® ¢r)(pr ® p;| for arbitrary orthonormal basis {¢;} of H.
It follows that for all o, & € S(H)

S(ew&)st=¢wo. (12)
Let us denote by Py projections onto symmetric and antisymmetric sub-

space. Then S =P, — P_.
The condition of trivial homogenization implies that

Up @) =y @) (13)

for all unit vectors ¢ € H. This determines the action of the transformation
U on the symmetric subspace H_. However, it does not give any constraint
on the antisymmetric subspace H_. Since H ® H = H4 @& H_ we can write
U = eI, @ V_, where V_ is arbitrary unitary operator on the subspace
H_ and I is the identity operator on the symmetric subspace H. In fact,
I, = Py|n, . Any of the collisions of the form U = e"7I; @ V_ fulfills the
conditions of trivial homogenization.

Let us consider the case of d = dimH = 2 (qubit), for which the anti-
symmetric space is one dimensional. In one-dimensional Hilbert spaces the
unitary operators are complex square roots of the unity, i.e. Vo = eI_.
Explicitly the transformation can be expressed as

U]00) = e™]00) ,

U|11) = |11 ,
U(|01) +[10)) = €™ (|01) + [10)) ,
U(|01) - [10)) = 0 (j01) — [10)) .
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Using the identities e’ = e!(7+5/2)e=18/2  i(v+6) = ¢i(v+6/2)¢ib/2 and dis-
carding the irrelevant global phase factor e?(?t8/2) we get a one-parametric
set of solutions

U, = cosnl 4 isinns, (14)

where we set n = —(3/2.

In case of more dimensional space (where d > 2) the set of unitary
transformations is larger. However, when we fix V, = e’I_, we get the
same one-parametric set of solutions

U, = cosnl + isinnS = ™. (15)

Any element of this class of unitary operators we will call a partial swap. In
what follows we will focus on the collision dynamics generated by partial
swap collisions.

2.2. Partial swap collisions

In what follows we denote sinn = s and cosn = c. In the process of ho-
mogenization, the system particle interacts sequentially with one of the NV
particles of the reservoir through the transformation U, = cI + isS. After
the first collision the system and the first reservoir particle undergo the
evolution

oY © € U0 © OUS = 2o @ € + 5% ® of) +ics[S, 0 ® ¢].

The states of the system particle and of the reservoir particle are obtained as
partial traces. Specifically, after the system particle is in the state described
by the density operator

05! = 2o + 5% +iceslg, o, (16)
while the first reservoir particle is now in the state
¢ = 5200 4 ¢ +ics[oY), €] (17)

When we recursively apply the partial-swap transformation then after the
interaction with the n-th reservoir particle, we obtain

0" =20V + 5% +icsle, o V], 18)

as the expression for the density operator of the system particle, while the
n-th reservoir particle is in the state

¢ = SQQ(Snil) + %+ ics[g(snfl), £. (19)
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2.3. System’s convergence

Our next task is to analyze the remaining conditions on the homogeniza-
tion process. First task is to show that g( ")
0-vicinity of £ for all parameters nn # 0. We will utilize the Banach fized
point theorem!® claiming that iterations of a strictly contractive mapping
converge to the single-point contraction. This point is unique and deter-
mined by the condition £[¢] = £. A channel £ is called strictly contractive
if it fulfills the inequality D(E[o], £[§]) < kD(p,§) with 0 < k < 1 for all
0, €S.

First of all, it is easy to verify that { is a fixed point of &, where &
is defined by the Eq.(16). As a distance we will use the Hilbert-Schmidt
distance

monotonically converges to a

D(e1,02) = llor — e2|| = \/trg"{ +tro3 — 2tro1 02 (20)
where g1, g2 represent quantum states. Consequently,
D*(Ela1], Elea]) = ¢*D*(01, 02) + *s°[I[€, 01 — 2] | (21)

where we used that £[g] = %o + s2¢ + ics[€, o]. Defining an operator A =
01 — 02 our aim is to prove the relation ||[¢, A]||? < ||A]|?. Assuming the
spectral decomposition of ¢ equals & = >, Ag|k)(k| and performing the
trace in the basis |k) we obtain

164 — AE|® = tr(6A — AT (EA — A) = 20167 A% — 2tr(¢A)?
=23 NGIAE) =23 Al GIATK)?
=) WG (HAL) 237 Al
=D, X = 2011
=D AT AL 25 AIGIARE =D (g = M)A
<Y IGIARI? = wala = AP
where we employed the hermiticity of A (|(j|A|k)|? = [{I|A]4)|?) and posi-

tivity of & which means |\ — A2| < 1. The proved inequality enables us to
write

D(&[e1], E[e2]) < |e[D(o1, 02) (22)

i.e. the contractivity coefficient k is determined by the parameter ¢ = cosn
of the partial swap and the map £ is contractive whenever |¢| < 1. This
result is important because it ensures that in the limit of infinite steps the



Open system dynamics of simple collision models 207

system will be not only J-homogenized, but will be described exactly by
the state £ of the reservoir. It means the distance D(Qfg"), &) — 0 vanishes
with the number of interactions n.

2.4. Stability of the reservoir

In order to satisfy the last condition (stability of the reservoir) we need
to evaluate the distances D( ;-,f). For each value of n we can specify 0
and Njs. However, the question is whether for arbitrary value of § > 0
there is a suitable collision U,, and how large is the value of Ns for which
Do ¢) <.

For the system we can combine the contractivity bound D(E][g], £[¢]) <
le|D(g, &) with the fact that £[€] = £ to obtain an estimate

D(& 08") < 1e"D(¢, 0§") = V2e|" < 6. (23)
Consequently,
Nj = M , (24)
In |¢|

but the potential values of § we need to specify from the stability of the
reservoir. A direct calculation gives the following bound

D(€,€,) = |1 — ¢ — 5205 —ies[o ™, ]|
< $2|le = o V] + les| - [e§" Y, €
< 2D(€, 05 ) + 2les| - [0 |- lle]]
< V2scl(|s| - |c]" 7% + V2)
<V20se|(1+V2)=6. (25)

A

Important is that § can be arbitrarily small, hence J-homogenization is
achievable for a restricted class of collisions U,, satisfying the identity (2 +
V/2)|sinn cosn| < 5. The number of steps N5 we achieve if the value of § is
inserted into the formula for Ny, i.e.
Ny o 0+ VD)lsel] 6)
In|¢]

Let us note that one can derive more precise expression for Ny and ¢, but
this is not important for our further purposes.

In summary, the class of partial swap operators U,, satisfies the condi-
tions for §-homogenization process.
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Remark 2.1. Swap in the classical theory. Let us note that in the classical
picture of thermalization process we also use model of mutual collisions of
the system with its thermal reservoir. In these (inelastic) collisions the par-
ticles exchange energy and momentum. In some sense, this process can be
understood as a transformation that partially “swaps” energy and momen-
tum of involved particles. Thus, from this perspective the homogenizing
properties of partial swap collisions are not that surprising and can be
viewed as the quantum analogue of classical collisions.

2.5. Invariance of single-particle average state

In this section we will allow particles forming the reservoir interacts among
each other, but interactions are always pairwise. Partial swap operators
possess one unique property, which is important from the point of view of
more realistic thermalization process and reservoir’s stability. Consider €2
being an n-partite composite system. It can be written in the form

D=01® Qo +7T, (27)

where I is a traceless hermitian operators and g; = tr;Q are the states of
individual subsystems. Applying a partial swap collision between jth and
kth subsystems we obtain a state

Q/

Q + 528,08 + ics[Q, Sji] (28)
0@ @0, +17, (29)

where S, denotes the swap operator between the subsystems j and k,

0 = ?oj + 8% ok +ics|oj, ok] (30)
o). = cop + Szgj — ics|o;, ok (31)
o =o for 1#jk, (32)

and I" is the traceless part. It is straightforward to see that
_ 1 1 -
gonezﬁzgjzﬁzgjzgoneﬂ (33)
J J

thus, in the collision model provided by partial swap collisions the average
one-particle state 9., is preserved. If taken the single-particle state as the
quantum analogue of temperature, then this property means that partial
swap interactions preserves the “quantum” temperature.
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3. Quantum decoherence via collisions

In this section we will focus on quantum dynamics of decoherence. Let us
note that in literature on quantum information the decoherence is used to
name any nonunitary channel and the channels we are interested in are
called (generalized) phase-damping channels. In accordance with our previ-
ous work? we will understand by decoherence a channel with the following
properties:

e Preservation of the diagonal elements of a density matrix with respect
to a given (decoherence) basis. Let us denote by B = {¢1,...,9q} the
decoherence basis of H. Then

€ o diagg = diagg, (34)

where diagg is a channel diagonalizing density operators in the basis
B, i.e. p — diagg|o].

e Vanishing of the off-diagonal elements of a density matrix with respect
to a given (decoherence) basis. In particular, asymptotically the itera-
tions of the decoherence channels results in the diagonalization of the
density matrix, i.e.

lim &" = diagy. (35)

n—oo

Our tasks is similar as in the previous part: find collisions U generating the
decoherence in basis B.
The basis preservation implies that

lo; @ or) — €Mk |p; @ @ly) (36)

where 7)), are phases and for each j the unit vectors {¢; } form an or-
thonormal basis of H. It is not difficult to verify that the unitary operators
describing the collisions have the following form

U= lej)esl@V;, (37)
J
where V; = Y, e™ir |¢1.) (¢x| are unitary operators on individual systems
of the environment. Such operators form a class of controlled unitaries with
the system playing the role of the control system and the environment
playing the role of the target system.
A single controlled unitary collision induce the following channel on the
system

Elo] = trene[U(e @ OUTT =D o) (s lelor) (prltrVieVE.  (38)
7,k
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Let us note an interesting feature that under the action of this channel the
matrix elements of density operators do not mix, i.e. the output value of
0 = (pjl€leler) depends only on the value of gji = (p;lopk). In order
to fulfill the second decoherence condition it is sufficient to show that for
J#k

|05k | < lojk|- (39)

For any unitary operator W = Y, e™![l)(l]
[rEW[ = [ D e U] =) pe™ <1, (40)
1 1

where p; = ([|€]l) are probabilities. This inequality is saturated only if £ is
an eigenvector of W. It follows that the inequality

|05 ] = lojil - [trViEVL] < [0l (41)

holds, hence the off-diagonal elements are non-increasing. They are strictly
decreasing if and only if |ter§Vlt| < 1 for all j # k, which is the case if £
is not an eigenvector of any of the operators V,J V.

In summary, we have shown that decoherence processes are intimately
related with controlled unitary operators. In particular, the decoherence
processes are generated by controlled unitary collisions U = 3= [¢;)(p;| ®

V; satisfying |ter§VfL| < 1 for all j # k. In such case

lim £"[o] = diagg[o] (42)

n—oo

where diagg is a channel diagonalizing the input density operator in the
basis B. Let us note that there are always states £ (eigenvectors of VJ Vi)
for which the decoherence is not achieved, because for them some of the
off-diagonal elements are preserved. On the other side, for each controlled
unitary collision U there are always states of the environment £ inducing
the decoherence of all off-diagonal matrix elements.

3.1. Simultaneous decoherence of the system and the
environment

Could it happen that both the environment and the system are decohering
simultaneously? In the same decoherence basis? We will see that answers
to both these questions are positive.

For the considered collision model driven by controlled unitary inter-
actions we obtain that the evolution of the particles in the reservoir is
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described by the following channels
N = tras[U(e@ OUT = Y 03 Vi€V (43)
J

Such channels are known as random unitary channels.

It is known that random unitary channels can describe decoherence
channels and it was a surprising result that decoherences are not necessarily
random unitary channels.'> We do not need to go into the details of this
relation to see that both the system and the environment can decohere. It
follows from our previous discussion that environment will decohere if U is
controlled unitary transformation of the form

U= ZUa@ b ) (W51, (44)

where {1;} is the decoherence basis of the particles in the environment.
That is, the question is whether there are unitary operators that can be
written as

UZZUJ'®|%‘><%‘|=Z|<Pj><<ﬂj|®vja (45)

for suitable decoherence bases {¢;}, {¢;} and unitary operators U;, V;.
Example 3.1. CTRL-NOT.

Ueti-nor = [0)(0[ @ I + [1)(1[ ® 00 = I ® [+)(+] + 0. @ [=){—| (46)
= [0-6){0+| + [0=){0—| + 1) (1+| = [1=){1—|, (47)
where |+) = (0) £ [1))/v2.

Proposition 3.1. A wunitary operator U describes a collision with si-
multaneous decoherence of both interacting systems if and only if U =
> lei)wjl ® Vj and the unitary operators V; commute with each other.

Proof. By definition, the simultaneous decoherence requires simultaneous
preservation of decoherence bases {p;} and {¢x}, i.e.

lp; @ i) — €% |; ® i) . (48)

It follows that

U= e"* o) el © [ (Wl (49)

jk
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and we can define

Up =Y e o) (e, Vi= Y em* o) (il (50)
j k

to get the required expression

U= ZUW@W!@ Wkl =D los)esl @ V5 (51)

J

It is straightforward to see that operators {V;} and {U} form sets of mu-
tually commuting elements.

If the unitary operators V; commute with each other, then in their
spectral form V; = 3. eik |y} (g|. Clearly, U = Yileieil @V =
>k Uk @ [g) (x| with Uy, = 37 €% |p;)(p;]. Therefore, U generates de-
coherence in both interacting systems. O

Setting 1, = @y the system’s decoherence basis and the environment’s
decoherence basis coincide. In such case the system and the environment
will decohere with respect to the same basis. An example of such interaction
for the case of qubit is the CTRL-Z operator

Uetri-z = [0)(0| @ I + [1)(1[ @ 0. = T @ [0)(0] + o= @ [1)(1],  (52)

generating decoherence in the computational basis |0), |1). Moreover, this
collision is symmetric with respect to exchange of the role of the control
and the target.

4. Entanglement in collision models

The phenomenon of quantum entanglement is considered as one of the key
properties of quantum theory. Our aim is not to discuss the philosophical
background of this concept,'®!7 but rather focus on the dynamics of en-
tanglement in the considered collision models. We say a state is separable
if it can be written as a convex combination of factorized states, i.e.

Osep = 06 @ @€ (53)
J

A state is entangled if it is not separable. The question whether a given
state is entangled, or separable turns out to be very difficult. Partial results
are achieved for the system of qubits and therefore in this section we will
restrict our discussion only to qubits. However, some of the qualitative
properties will be extendible also to larger systems.
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A tangle is a measure of bipartite entanglement defined as

TIW) = min - Y. N
(w) W:ijj\wjﬂwjl;p] (d]]) (54)

where 7()) = Syin(tr1]1)(]) = 2(1 — tr(tr1]¢)()?) = 4det tr1[|9)) (¥]] is

the linear entropy of the state of one of the subsystems. Let us note that
for pure bipartite states Sin(tr1]¥)(¥|) = Sin(tra|v)(¢]). Due to seminal
paper of Wootters'® 7(w) = C?(w), where C(w) is the so-called concurrence

C = max{0, 2 max{/X; } —Z\/A—j}, (55)

where {)\;} are the eigenvalues of R = w(oy ® o,)w* (0, @ 0y).
For multiqubit systems the tangle satisfies the so-called monogamy re-
lation (originally conjectures by Coffman et al.!® and proved by Osborne

et al.20)

Z Tik < Tj s (56)

k,k#j

where 7; = 5 and j denotes the set of all qubits except the jth one,
i.e. 7; is a tangle between the jth qubit and rest of the qubits considered
as a single system. The above inequality is called CKW inequality. If the

multiqubit system is in a pure state ¥ then
7; = 4det tr3[|\IJ)<\I/|] . (57)

Example 4.1. Saturation of CKW inequalities. At the end of the original
paper!? it is stated that states in the subspace covered by the basis {|1) i®
|oeN 4);} saturates the CKW inequalities. In what follows we will show
that any state of the form

N
W) = a0[0%7) + > a|1); @ [05) (58)
j=1
saturates the CKW inequalities.
The reduced bipartite density matrices are of the form
a de0
b fo
e f*co
0 000

and only one element determines the tangle of such state, namely

() =4ff". (60)
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It follows that only the matrix element standing with the |01)(10] term will
be important for us. Direct calculations lead us to value f = ajaj for the
pair of jth and kth, hence

ik = 4o la)? . (61)

In the next step we evaluate the tangle between the j-th particle and the
rest of the system. The state of single particle is described by matrix

_ (leol? + 3545 larl? aoa
Q% ||
Now it is easy to check that
7; = 4ddet 9j = | |? Z || = erk (63)
y oy

and therefore the CKW inequalities are saturated, i.e. A; = 7;—3, 7 =
0 for all j.

4.1. Entanglement in partial swap collision model

A general pure input state equals

W) =)s @)1 @+ @ [p)N - (64)

Since [,V @ V] =[S,V ® V] = 0 for all unitary operators V on H it
follows that also [Uy,,V ® V] = 0 for all unitary V. Moreover, the value of
entanglement is invariant under local unitary transformations. Therefore,
without loss of generality we can set |¢) = |0) and |) = «|0) + 3|1). After
n interactions

n
[Wa) = al0® YD) 4 Bem[1)s @ 09N) + B 1) @ 0°V7) [isc e ]
1=1
where N; denotes a system of IV qubits obtained by replacing the Ith qubit
from the reservoir by the system qubit.
Since |¥,,) belongs to the class of states discussed in Example 4.1, we
know that the state saturates CKW inequalities. We can used the derived
formulas to write

4|ﬁ|4 (J+Ek— 2)
4| |4 2 2(n+k 1);

(n) = (65
Tok(n) (66
7y(n) = 4|10 (1 - 2P0 (67

(n) = 41" c*" (1 — ). (68

Tik )
)
)
)

70
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Figure 2. Entanglement in the homogenization process.

Let us note that these formulas are valid only if j, k& < n. Otherwise the
quantities vanish.

These results show that the system particle acts as a mediator entan-
gling the reservoir particles which have never interacted directly. It is obvi-
ous that the later the two reservoir qubits interact with the system particle,
the smaller the degree of their mutual entanglement is. Nevertheless, this
value remains constant and does not depend on the subsequent evolution of
the collision model (i.e., it does not depend on the number of interactions
n). On the other hand the entanglement between the system particle and
kth reservoir particle (k arbitrary) increases at the moment of interaction
and then monotonously decreases with the number of interaction steps.

4.2. Entanglement in controlled unitary collision model

As before, let us assume that initially the system and the reservoir of N
qubits are described by a pure input state

) =¥)s @l @ - S p)n, (69)
with ¢ = a|0) + B|1). After n controlled unitary collisions we get
[0n) = [a]0) @ [0§") + BI1) @ [F™)] © o), (70)

where we set |pg) = Volp) and |p1) = Vi|p).
Tracing out the system we end up with the reservoir described by the
state

wenv () = (Ja?[0§™) (0§ | + 1821 (0F"]) © ) (0| *N ™, (71)

which is clearly separable, i.e. 7j;(n) = 0. In this case no entanglement is
created within the environment.
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A state of the system qubit and kth qubit from the reservoir equals
(providing that n > k)

ook(n) = |af?[00) (0o + B 1p1)(1e1 |

+af" [ (oler)| " D10p0) (L1 | + c.c (72)
thus for the tangle we have
7ok () = 4]al? |8 {pole1) PV (ol o1 ) (73)

If n < k then 7oi(n) = 0. Further,
2o(n) = 1a?|0){0] + [BI*[1)(1] + af*[{polen) ["[0) (1] + c.c..  (T4)

o(n) = |al?[po)(wol + [B|p1) (¢l (75)
(76)
resulting in the following values for tangle
mo(n) = 4laf?|B* (1 — [{wole1) "), (77)
e(n) = 4laf*|B1*|{pole1)]?. (78)
1
entanglement )
0.8
0.6
0.4
Tk
0.2
Tok

2 4 6 8 10 12 14 n

Figure 3. Entanglement in the decoherence process.

In summary, during the decoherence collision model the qubits in the
reservoir are not entangled at all. Interaction of the system qubit with an
individual reservoir’s qubit entangles these pair of qubits. However, with the
number of collision this bipartite entanglement vanishes and finally 7o, = 0
for all reservoir’s qubits k. The entanglement between a fixed qubit of the
reservoir and rest of the qubits preserves its value it gathered after the
interaction. The entanglement between a system qubit and the reservoir is
increasing with the number of collisions and approaches the maximal value
70(00) = dlaf2|2.
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5. Master equations for collision models

Within the collision model the system undergoes a discrete dynamics

0 — &ilo] = &afol = -+ = Enld] = -+, (79)
where &, = £o0---0& = EF. Let us define & as the identity map Z. It is
straightforward to see that the sequence of channels £y, &1, &, ... form a
discrete semigroup satisfying the relation

gn 9 gm = Cn+m (80)
for all n,m = 0,1,2,.... In this section we will investigate the continu-

ous interpolations of such discrete semigroups. Interpreting the continuous
parameter as time we will derive first order differential master equation
generating the continuous sequence of linear maps. Our derivation of the
master equation will be purely heuristic. We will simply replace n in &, by
a continuous time parameter ¢ and after that we will have a look what are
the consequences.

Let o+ = &t[0o]- The time derivative of the state dynamics results in the
following differential equation

% _ (%) [00] = (% oSt1> lo1] = Gilod] (81)

where G, is the generator of the dynamics &;. Let us note that this approach
is very formal. There is no guarantee that the mapping &; is a valid quantum
channel for each value of ¢ and that the set &; is indeed continuous. Another
problematic issue is the assumed existence of the inverse of the map &, !
for all ¢ > 0. All these properties need to be checked before we give some
credit to the derived master equation.

5.1. One-parametric semigroups

In a special case when G; is time-independent the solution of the differential
equation

doy

28t , 82
2 glo (52

with the initial condition g;—g = 09 can be written in the form
0t = egt[go] . & =9, (83)

Since e9(t+5) = €959t it follows that

(‘:t o 85 = 5t+s (84)
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for all t,s > 0 and & = Z. In such case the continuous set of linear maps
{&:} form a one-parametric semigroup, which are playing important role
in the theory of open system dynamics. Semigroups of channels are often
used to approximate real open system’s evolutions. In particular, they are
satisfying the so-called Markovianity condition?!
effects of the environment. The following theorem specifies the properties
of the generator G assuring the validity of the quantum channel constraints
on & = et9.

restricting the memory

Theorem 5.1. (Lindblad%) & = €9 are valid quantum channels for all
t > 0 if and only if G can be written in the form

Glol = chk Ajo, Al + [Aj, 0Ar]), (85)

where {I,A1,...,Ag2_1} is an orthonormal operator basis consisting of her-
mitian traceless operators Aj, i.e. trAjAx = 0jk, the coefficients c;i, form a
positive matriz and H is a hermitian traceless operator on H.

5.2. Divisibility of channels

Any collision U induced some channel £. Our interpolation should smoothly
connect this channel with the identity map Z such that the connecting line
is inside the set of channels. Since the set of channels is convex any two
points are connected by a line containing only proper quantum channels,
i.e. interpolation is surely possible although its continuity is still not guar-
anteed. Let us have a look on the possibility to interpolate Z and £ such
that & = €9 for some time 7 and time-independent Lindblad generator.
Without loss of generality we can set 7 = 1, i.e. £ = 9. The semigroup
property implies that £ = &, 0 &1, for any 0 < € < 1, or even stronger
g =g

It is a surprising fact?® that there are channels £, which cannot be
expressed as a nontrivial composition of some other channels &1, &;. Con-
sequently not all channels can be part of some one-parametric semigroup.
Before we will show one example, let us formally define the indivisibility.

Definition 5.1. We say a channel £ is indivisible if £ = £10&5 implies that
either &1, or £ are unitary channels (such decomposition is called trivial).

Let us note that one of seemingly counter-intuitive consequences is that
unitary channels are indivisible. In a suitable representation the composi-
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tion of channels is just a product of matrices. Thus for determinants
det(é'l o (‘:2) = (det 51)(det (‘:2) . (86)

Let us denote by Enin a channel minimizing the value of determinant, i.e.
Emin = argming det £. Assume Eniy, = &1 o &. Since the value of det Enin
is negative and for channels |det | < 1, it follows that either det&; =
1,det & = det Enin, or det E; = 1,det &1 = det Epin. But det £ = 1 implies
£ is a unitary channel, which proves the triviality of any decomposition
of the minimum determinant channel. If d = 2 (qubit), then one of the
minimum determinant channels is the optimal universal NOT,?? i.e.

1
gmin[g] = g

for which det Eyin = —1/27. The mapping ¢ — o7 known as the universal
NOT is not a proper quantum channel, because it is not completely positive
and, thus, unphysical. Let us note that channels of minimal determinant
are not the only indivisible channels. As far as the authors know a complete
characterization of indivisible channels is not known.

For our purposes the introduced concept of indivisibility is not sufficient
as we are interested in the existence of continuous semigroup between 7 and
& generated by a unitary collision U. We need &£ to be infinitely divisible, i.e.
&= 5{1/” for all n > 0. It was shown by Denisov?* that infinitely divisible

(I+0"), (87)

channel can be expressed in the form £ = FoeY, where F is an idempotent
channel (F? = F) satisfying G = FGF and G is a Lindblad generator. We
are interested in cases when F = Z, thus, £ = €Y. Then it follows that the
sequence of channels " = ™9 determined by the collision model belongs
to the one-parametric semigroup e*¥. In other words a discrete semigroup
is interpolated by a continuous one. We will see that this is the case for the
collisions considered in the homogenization and decoherence processes.
For a given channel induced by a single collision a question of interest is
whether £ = €9 for some Lindblad generator G. In other words whether G =
log & is a valid generator of complete positive dynamics. Since channels £ are
not necessarily diagonalizable, the notion of the matrix/operator logarithm
is not completely trivial. The logarithm is not unique and any operator X
such that eX = £ is called log£. We need to search all logarithms in order
to find a valid generator of the Lindblad form. Evaluating the logarithm will
give us a time-independent generator (if it exists) interpolating the discrete
semigroup &, = &". For both considered collision models the evaluation
of the logarithm is not difficult. However, for illustrative purposes in our
analysis of homogenization we will follow the ad hoc procedure exploiting
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(81), which (if successful) could capture also time-dependent generators.
For the case of decoherence we will evaluate the logarithm of the induced
channel.

5.3. Bloch sphere parametrization

The set of operators form a complex linear space endowed with a Hilbert-
Schmidt scalar product (X,Y) = trXTY. Let ¢1,..., s be an orthonormal
basis of H. Then the set of d operators { Ej;, = |¢;) (x|} form an orthonor-
mal operator basis, i.e. trEJT,k,Ejk = (pj|oj) (xlpr) = dij O -

In what follows we will restrict to the case of two-dimensional Hilbert
spaces H (qubits). This will be perfectly sufficient for our later purposes,
because we will focus on qubit collision models of homogenization and de-
coherence. However, many of the properties and procedures can be easily
extended to more dimensional case.

Let us start with a very convenient operator basis of qubit systems —
the set of Pauli operators

I=0){0[+[1)(1], o= =[0)(1]+[1){0],
oy = —i(|0)(1] = [1){0]), o= = |0)(0] = [1){1],

where {|0), |1)} is an orthonormal basis of H. These operators are hermitian,

oj = a;, and mutually orthogonal, i.e. trojox = 26k (we set o9 = I). They

are also unitary, but this property will not be very important for us.
Using Pauli operators the density operators takes the form

1
o=5U+73), (88)

where & = (04,04,0,) and 7 = trpg is the so-called Bloch vector. The
positivity constraint restricts its length |#] < 1, i.e. in the Bloch vector
parametrization the qubit’s states form a unit sphere called Bloch sphere.
Let us note that such simple picture of state space does not hold for more
dimensional quantum systems.

A quantum channel £ is acting on Pauli operators as follows

0~ 0 = £l = 5 (€11 + o€lov] +yEloy) + oElon]). (89)

Using E[o;] = 3, Exjor with Ej = Stror&[o;]. The tracepreservity ensures
that oo = 3trE[I] = 1 and &y; = tr€(oj] = 0 for j = z,y, z. That is,

1
d=5 |1+ S &t D Ewrs|on| (90)

k=w,y,z J=z,y,2
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Comparing with the expression o' = %(I +7"-0) we get that under the action

of a channel £ the Bloch vectors are transformed by an affine transformation

7P =t +TF, (91)

where t; = ;o and T is a 3x3 matrix with entries T, = &£, for j, k = z,y, 2
The Lindblad generator takes the form of 4 x 4 matrix

0 0 0 O

g10 911 912 913 (92)
920 921 922 923
930 931 932 933

where g, = %trajg [ok]. Inserting the Lindblad operator-sum form

Xl= =+ 3 hloy, X145 S0 enllog, Xou + o X,0n) - (93)

J=,y,2 Jik=z,y,2

into the matrix expression we obtain

1
gik =2 Z €irth + = ij + cjk) Z cudj » (94)
7
grko = ZZ €j1kCHl - (95)
jl

The inverse relations express the parameters c;; and h; via the elements of
the matrix G

=gy = e g = eazes
Cjj = 9ij — 3 Do kk (96)
3(912 + 921 —igs0),  c21 = 5(g12 + g21 + ig30) ,
o3 = 2(g23 + 932 —ig10), 32 = 3(g23 + g32 + ig10) ,
3(913 4 931 +ig20), 31 = 5(g13 + gs1 — iga0) -

Ci2 =
Ci3 =

5.4. Master equation for homogenization collision model

The collision model of quantum homogenization driven by partial swaps
results in the sequence of channels being powers of a channel £ defined in
Eq.(16), i.e

F— 7 = 74 820 — s X T, (97)

where @ is the Bloch vector associated with the state £ and ¢ = cosn, s =
sin 7. Choosing a new operator basis S; = Vo VT such that £ = %(I—}—ng)
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we get
1 0 0 0
2
£ 0 c cs;u 0 . (98)

0 —csw ¢ 0
sw 0 0 ¢

Let us note that the basis transformation o; — S; corresponds to a rotation
of the coordinate system of the Bloch sphere representation. Moreover, we
used that the partial swap commutes with unitaries of the form V ® V,
hence the form of the induced map (97) is unaffected, only the vectors are
expressed with respect to different coordinate system.

Let us introduce an angle § = arctan(ws/c) = arctan(wtann) and a
parameter ¢ = v/¢2 + w?s2. Using the identity cosarctan(z) = 1/v/1 + 22
we get qcos = cosn = ¢ and ¢sinf = wsinn, thus

1 0 0 O
0 cgcosf cgsinf 0O
0 —cgsinf cqgcosf 0
52w 0 0

€= (99)

The reason for such parametrization becomes clear if we evaluate powers
of £

1 0 0 0
n 0 g™ cosnf c"q"sinnf 0
E" = .
0 —c"q"sinnf c"q" cosnf 0
w(l — ") 0 0 cn

In the next step we make ad hoc assumption and replace n by t/7, where
T is some time scale and ¢ > 0 is a continuous time parameter. Introducing
the parameters

Q=0/r, A=t (g7 =e T2t (100)

we end up with the continuous set of trace-preserving linear maps

1 0 0 0
0 e TotcosQt e T2tsinQt 0
& = 0 —e Tetgin Ot e T2t cosQt 0 ’ (101)
w(l — e~ T1t) 0 0 e Tt

It is not difficult to see that they form a one-parametric semigroup (£0&; =
Ei+s), but one needs to verify whether for each ¢ these maps are completely
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positive. Therefore, we calculate the generator G and verify its properties.
In particular, we obtain a time-independent generator

0 0 0 0
G- 0 -I'y, —Q 0
o 0 Q -Ty 0

wly 0 0 —I4

Using the Eqgs.(96) we can verify that the parameters hy = hy = 0,hg =
—/2 are real and that the matrix

—Ty/2 —i2uly 0
C = | i2ury -Ty/2 0 (102)
0 0 —(I1+2Iy)/2

is positive, hence, the generator G is of Lindblad form. In the operator-sum
(Kraus) form the master equation reads

i r (50— 01 (@] + @yl (103
@l + @y lo]) - ],

where ®;;[0] = 3([0j0,0%] + [0, 00%]). After a little algebra we obtain
do _, @
dt — 2h
1 1
+ZP1(SxQSw + SuQSu - 2«9) + 1(2F2 - Fl)(SzQSz - Q) .

[Sz, 0] — 1wl (Sz0Sy — SyoSy +i0S. +iS.0) (104)

Let us note that for the special choice of parameters the above mas-
ter equation coincide with the master equation used to model the sponta-
neous decay of a two-level atom. In particular, setting I'y = 2I'y = 2y =
—% In cosn and & being a pure state (w = 1) we get

d .Q
a’~ 'on
where we used St = (5, £15y)/2.

[S- 0]+ 3[25-084 = S_Sio—0S:S-)  (105)

5.5. Master equation for decoherence collision model

In this section we will repeat the same steps as in the previous one, but
for collisions described by controlled unitary interactions. Without loss of
generality we will assume that the decoherence basis coincide with the
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eigenvectors of S, = Vo, VT operator. The channel induced by a collision
U =0){(0] ® Vo + [1){1| ® V1 reads

1 0 0 0
0 Acosp Asing 0
0 —Asing Acosp 0
0 0 0 1

£ = : (106)

where trVJ{Voﬁ = \e'?. We can follow the same derivation of master equa-
tion as in the case of homogenization.* However, for the illustration pur-
poses we will describe the second procedure based on evaluation of log&.
Unlike the case of homogenization the decoherence channel £ defines a her-
mitian matrix, thus, the logarithm is pretty easy to calculate exploiting the
simple functional calculus for hermitian operators.

Let us start with the observation that

/\(COS <pI +isin QOUy) — 6ln )\Ie’i(tp-i-Qkﬂ)a‘y _ 6ln M +i(p+2km)oy , (107)

where k is arbitrary natural number. For £ = 0 the logarithm is called
principal. For our purposes it is sufficient to consider only this one, because
we are restricted to angles inside the interval [0,27]. Since this matrix is
the central part of the matrix &, it follows that

00 00

_ | OInA —p 0

G=logé = 0 o A0 |’ (108)
00 00

is the generator of the semigroup dynamics containing the channel £. Is
& = €9 a valid quantum channel for any ¢?

Using the relations specified in Egs.(96) we found that the only nonzero
parameters are

h3:g0/27 033:—111/\/2. (109)
Since c33 > 0 it follows that the matrix C' is positive. Therefore
_ e _nA
g[Q] = ZZH[SZ’ Q] 1 ([SZ, QSZ] + [SZQ, SZ])
_ e _InA _
= Z%[Sz,g] 5 (S.05: —0),

defines a correct Lindblad generator. Using H = 1S, and v = (2In\)/¢?
we obtain a well-known master equation

X 2t - L 1,0 (110
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which is used to model the decoherence also for more dimensional systems.

6. Conclusions

In these lectures we introduced and investigated the simple collision model
to capture relevant features and properties of quantum open system dy-
namics. We focused on two particular collision models determined by the
choice of the unitary transformations describing the individual collisions:

e Homogenization induced by the partial swap interactions U, = cosnl +
isinnS. This process was motivated by the classical thermalization pro-
cess (0th law of thermodynamics).

o Decoherence induced by the controlled unitary interactions U =
Zj lo;){w;|®V;. This process describes the disappearance of the quan-
tumness of quantum systems.

It is known that creation of entanglement requires interactions between
quantum systems. In our collision model we start from completely factorized
state. It is an interesting question what type of multipartite entanglement
is created via a well-defined sequence of bipartite collisions. We haven’t
provided a definite answer to this problem, but we illustrated that the
created entanglement of the particular collision models is not trivial. In
particular, the partial swap interaction creates W-type of entanglement
for which all the involved systems are pairwisely entangled although they
did not interact directly. Moreover, during the whole evolution the CKW
inequalities are saturated. The entanglement created in the decoherence
collision model is of completely different quality. In this case the created
entanglement is of GH Z-type meaning that pairwise entanglement in the
reservoir vanishes, however the system is still entangled. The reservoir itself
(the system is traced out) is in a separable state. The collision models
can be understood as a (simple) preparation processes aiming to create
multipartite entanglement. And it is of interest to understand what quality
and quantity of entanglement it is capable of.

The well-defined sequence of collisions and specific initial conditions
imply that the discrete time evolution of the system is described by a dis-
crete semigroup of natural powers of £. May this this discrete set of chan-
nels be interpolated by a single one-parametric continuum of channels? Is
this continuum a semigroup of channels, or not? Luckily, we have derived
that the interpolating continuum for both cases of homogenization and de-
coherences. By deriving the corresponding master equations and testing
the Markovianity of the generator we showed that these sets form one-
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parametric semigroups of channels. Let us note that a collision model sim-
ulation of given semigroups of channels is easy. Each semigroup &£; can be
discretized by introducing a parameter 7 and set £,, = &,,. Since the choice
of an interaction U inducing &, is not unique, also the collision model is
not unique. However, the particular collision dynamics of the system will
be the same.

Let us note an interesting fact. Fix a unitary collision U. Even if £, ¢’
induce a channels £,&" with valid generators G,G’, the convex combina-
tion A£ + (1 — A\)¢’ does not have to be associated with a correct Lindblad
generator. There are collision models that cannot be interpolated by Marko-
vian dynamics. Surprisingly, collision models provides richer dynamics than
Lindblad’s master equations. To sort out example consider Markovian mod-
els developed in order to describe true open system dynamics can be effi-
ciently simulated (approximated) in collision models. We believe that such
toy collision models provide an interesting playground capturing all the
conceptual features of quantum open system dynamics.
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